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
+ xi       [a, b]   a = x0 < x1 < . . . < xn = b
  zi i = 1, . . . , n    " E -    C
1

	 S  [a, b] 	  	
S(x) =
ai + bi(x− xi−1)
1 + di(x− xi−1) ."1 
- 1 + di(x − xi−1) > 0 	 x ∈ [xi−1, xi] i = 1, . . . , n, ""  =
  	   D 
xi∫
xi−1
S(x)dx = zi(xi − xi−1) , i = 1, . . . , n . .". 
!  -    
S′(x0) = α , S′(xn) = β ."5 

S(x0) = α , S(xn) = β ."4 
1.
 	 
  	
	  α  β" :-   	 ."5   	 ."4 
A  x0  xn   "
%     [xi−1, xi] - 
S′(x) =
bi − aidi
(1 + di(x− xi−1))2 , ."2 
-   S   C1[a, b]       
  [a, b]"      	  ? 	   	
.". - ."5  ."4     
z1 < . . . < zn or z1 > . . . > zn or z1 = . . . = zn , ."/ 
        - zi 	 ?   @ 
S′(x0) = α > 0  S′(xn) = β > 0  S(x0) = α < z1  S(xn) = β > zn"
    
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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 
 + S1  S2  =  	  [xi−1, xi] 
S1(x) =
a1i + b1i(x− xi−1)
1 + d1i(x− xi−1)

S2(x) =
a2i + b2i(x− xi−1)
1 + d2i(x− xi−1) ,
	 x ∈ [xi−1, xi]"  c1i = b1i − a1id1i  c2i = b2i − a2id2i   ."2 
- 
g′(x) =
c1i
(1 + d1i(x− xi−1))2 −
c2i
(1 + d2i(x− xi−1))2 .
> g′(x) = 0  > 
c1i
(1 + d1i(x− xi−1))2 =
c2i
(1 + d2i(x− xi−1))2 .
   	    ."1 1 + d1i(x − xi−1) > 0 
1+d2i(x−xi−1) > 0  -    c1i  c2i    " !	 c1i = c2i = 0
 g′(x) = 0 -  [xi−1, xi]" !	 c1ic2i > 0  g′(x) = 0  >

1 + d1i(x− xi−1)
1 + d2i(x− xi−1) =
(
c1i
c2i
)1/2
15
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 !	 
  	

1 + d1i(x− xi−1) =
(
c1i
c2i
)1/2
(1 + d2i(x− xi−1)).
+  >  @      [xi−1, xi]  - 
-" 	 	     - g′(x) = 0 -  
	 g′     n G  [x0, xn]"
 S1  S2 	 .". -   zi    
" 
xi∫
xi−1
g(x)dx = 0 , i = 1, . . . , n , ."7 
-     ξi ∈ (xi−1, xi)   g(ξi) = 0"
        [xi−1, xi] - g′(x) = 0 -"
   ."4 -  g(x0) = 0  g(xn) = 0"    
	 g    n + 2 A G  [x0, xn]"   *K 
 	 g′    n+1 A G  (x0, xn)"    
-  	   	 g′     n G"    
 ."5 -  g′(x0) = 0  g′(xn) = 0" $  	 g′
 n− 1 A G -  ξi i = 1, . . . , n" 	 -   
n+1 G 	  	 g′ -   " !   	 >
.". -   ."5  ."4  -    	 g′  
 n+ 1 G  [x0, xn] -   "
!	     [xi−1, xi] - g′(x) = 0 - -   
   ? > 	 &  -  	 g′
  G -" !	  	 &    xi i = 1, . . . , n− 1
 -     g′(xi) = 0"
  	 g′(x) = 0  [x0, xn]  g     	  ."7 
  g(x) = 0 -"    	"
  		
 
 	 	

	
 ci = bi − aidi i = 1, . . . , n  -  -   ."2 	 
	 ."1  [xi−1, xi] 
S′(x) =
ci
(1 + di(x− xi−1))2 . ."8 
+   S′(xi) = mi i = 0, . . . , n  hi = xi−xi−1 i = 1, . . . , n"  
 	 ."8 - 
ci = mi−1 and
ci
(1 + dihi)2
= mi . ."6 
14
 !	 
  	
!  .".  -         
	 S    	 mi     ?   mi > 0 
mi < 0  mi = 0 	  i = 0, . . . , n"
!	 mi = 0 -  	 ."6 
mi−1
mi
= (1 + hidi)
2,
	 -
di =
1
hi
((
mi−1
mi
)1/2
− 1
)
. ."10 
+ di = 0  mi−1 = mi " 
S(x) =
bi
di
− ci
di(1 + di(x− xi−1)) . ."11 
 ∫ xi
xi−1
S(x)dx =
∫ xi
xi−1
[
bi
di
− ci
di(1 + di(x− xi−1))
]
dx
=
bi
di
hi − ci
d2i
log(1 + hidi),
 	   .". - 
bi
di
− ci
hid2i
log(1 + hidi) = zi. ."1. 
  > ."1. - 
bi
di
= zi +
ci
hid
2
i
log(1 + hidi).
   ."11   	
S(x) = zi +
mi−1
hid
2
i
log(1 + hidi)− mi−1
di(1 + di(x− xi−1)) , ."15 
 )    > ."10  
S(x) = zi + hi
mi−1((
mi−1
mi
)1/2 − 1)2 log
(
mi−1
mi
)1/2
− hi mi−1((
mi−1
mi
)1/2 − 1)(1 + t((mi−1mi
)1/2 − 1)) ,
."14 
12
  		 		
x ∈ [xi−1, xi], i = 1, . . . , n, t = (x− xi−1)/hi.
!   di = 0 - mi−1 = mi  bi = ci = mi"   .". 
 ai = zi − himi/2  -  	 x ∈ [xi−1, xi]  
S(x) = zi +mi
(
x−
(
xi−1 +
hi
2
))
. ."12 
 	 mi = 0 -  S(x) = zi x ∈ [a, b] -    -
."12 "
  
		 
	

  	 S   	 mi   ."14  ."12   
	 S′" !   - - ?   	 S   ) x1, . . . , xn−1
   >"
E      mi > 0 	  i   mi < 0 	  i 
  " + di = 0"  mi−1 = mi(1+hidi)2 -  - 
	 ."15 
S(xi − 0) = zi + himi (1 + hidi)
2 log(1 + hidi)− hidi(1 + hidi)
h2i d
2
i
= zi + himi
(1 + hidi)
2(log(1 + hidi)− 1) + 1 + hidi
h2i d
2
i
= zi + himi
mi−1
mi
(
log
(
mi−1
mi
)1/2
− 1
)
+
(
mi−1
mi
)1/2
((
mi−1
mi
)1/2 − 1)2
. ."1/ 
$ 	 ."15 - 
S(xi−1 + 0) = zi + himi−1
log(1 + hidi)− hidi
h2i d
2
i
= zi − himi−1
(1 + hidi)
−2 (log(1 + hidi)−1 − 1)+ (1 + hidi)−1
((1 + hidi)−1 − 1)2
1/
  		 		
= zi − himi−1
mi
mi−1
(
log
(
mi
mi−1
)1/2
− 1
)
+
(
mi
mi−1
)1/2
((
mi
mi−1
)1/2 − 1)2
. ."17 
  ."12  	-    di = 0 
S(xi − 0) = zi + hi
2
mi, S(xi−1 + 0) = zi − hi
2
mi.
+    	
ϕ(x) =
⎧⎪⎨
⎪⎩
x2(log x− 1) + x
(x− 1)2 for x > 0 , x = 1 ,
1
2
for x = 1 .
/ 3 3 " 
# ϕ(x) > 0$ ϕ′(x) > 0  ϕ′′(x) < 0 
 x > 0$
 lim
x→1
ϕ(x) =
1
2
$ lim
x→1
ϕ′(x) =
1
3
$
 lim
x→0+
ϕ(x)
x
= 1$ lim
x→∞
ϕ(x)
log x
= 1$

1
2
<
ϕ(x)
x
< 1 
 0 < x < 1$
% ϕ(x1/2)  log x 
 x  1.84.
 
 1 $  x > 0    ? (x2(log x−1)+x)/(x−1)2.
:   	   
lim
x→0+
(x2(log x− 1) + x) = lim
x→0+
log x− 1
1
x2
= lim
x→0+
1
x
− 2
x3
= lim
x→0+
−x2
2
= 0.
	 limx→0+ ϕ(x) = 0"
'? 	 x > 0 x = 1 - @
ϕ′(x) =
(2x(log x− 1) + x2 · 1
x
+ 1)(x − 1)2
(x− 1)4 −
(x2(log x− 1) + x) · 2(x− 1)
(x− 1)4
=
x2 − 2x log x− 1
(x− 1)3 .
!	 x > 1  (x− 1)3 > 0" + f(x) = x2− 2x log x− 1" !    f(1) = 0"
'- f ′(x) = 2x−2 log x−2 = 2(x− log x−1)" E   f ′(1) = 0" ! 
17
5
  		 		
f ′′(x) = 2 (1− 1/x) > 0 	 x > 1  f ′(x) > 0 	 x > 1 -   
f(x) > 0 	 x > 1" ! > ϕ′(x) > 0 	 x > 1" E @
lim
x→1+
ϕ′(x) = lim
x→1+
x2 − 2x log x− 1
(x− 1)3 = limx→1+
2
x2
6
=
1
3
> 0.
+  -    0 < x < 1     	 ϕ′(x)" 
(x−1)3 < 0"    	 f(x) = x2−2x log x−1 -  limx→0+ f(x) = −1
  limx→0+ f ′(x) = ∞"   f ′′(x) = 2 (1− 1/x) < 0 	 0 < x < 1
"" f ′     (0, 1)" ( 	 f ′(1) = 0   
f ′(x) > 0  (0, 1)"     f     (0, 1)" 	
f(x) < 0 	 0 < x < 1" : ϕ′(x) > 0 - 	 0 < x < 1" !  - 
limx→1− ϕ(x) = 1/3" !  -    ϕ′(x) > 0 	 x > 0 -
  ϕ    	 x > 0"     limx→0+ ϕ(x) = 0,
-  -  ϕ(x) > 0 	 x > 0"
  -     	 ϕ′′"
. E 
lim
x→1
x =1
ϕ(x) = lim
x→1
x =1
=
2x(log x− 1) + x2 · 1
x
+ 1
2(x− 1)
= lim
x→1
x =1
2x log x− x+ 1
2(x− 1)
= lim
x→1
x =1
2 log x+ 2x · 1
x
− 1
2
= lim
x→1
x =1
2 log x+ 1
2
=
1
2
.

lim
x→1
ϕ(x) =
1
2
.
  	 ϕ′    1 -  	   1 	  	"
5 E 
lim
x→0+
ϕ(x)
x
= lim
x→0+
x(log x− 1) + 1
(x− 1)2 = 1
 limx→0+ x log x = 0"
18
  		 		
E  )-  ϕ(x) > 0 	 x > 0" $
lim
x→∞
ϕ(x)
log x
= lim
x→∞
x2(log x− 1)
(x− 1)2 log x + limx→∞
x
(x− 1)2 log x.
     G   x → ∞" :
lim
x→∞
ϕ(x)
log x
= lim
x→∞
x2
(x− 1)2 · limx→∞
log x− 1
log x
-  	  >  " E  
lim
x→∞
ϕ(x)
log x
= 1.
4  ψ(x) = ϕ(x)/x = (x(log x− 1) + 1)/(x− 1)2" 
ψ′(x) =
((log x− 1) + x · 1
x
)(x− 1)2 − (x(log x− 1) + 1)2(x− 1)
(x− 1)4
=
−(x+ 1) log x+ 2(x− 1)
(x− 1)3 .
+     	 ψ′(x) 	 x ∈ (0, 1)"
E    χ(x) = −(x+1) log x+2(x− 1) 	  	  
	"  limx→0+ χ(x) = ∞" !    χ(1) = 0" E   
χ′′(x) = −1/x + 1/x2 = (−x + 1)/x2 > 0 	 0 < x < 1"  χ′   	
0 < x < 1"   > χ′(1) = 0 -  χ′(x) < 0 	 0 < x < 1 -
  χ   	 0 < x < 1"   χ(1) = 0 -   χ(x) > 0 	
0 < x < 1" E  -  -  ψ′(x) = χ(x)/(x− 1)3 < 0 	 0 < x < 1"
	  	 ϕ(x)/x   	 0 < x < 1"    5 
. 	- limx→0+ ϕ(x)/x = 1  limx→1 ϕ(x)/x = 1/2    4 
"
2    5 -   	 x     ϕ(x)/ log x  2 
ϕ(x)  2 log x" +  @ ?  x∗ 	 > ϕ(x) = 2 log x" '
  	 ϕ(1) = 1/2  log 1 = 0 -  limx→1+ ϕ(x)/ log x = ∞ 
x∗ ?" !	 x  x∗  ϕ(x)/ log x  2" $ x∗ <
√
1.84 	 	
x 
√
1.84  x  x∗  ϕ(x)/ log x  2"
E  + ."1  "
  	 ϕ -  - > ."1/  ."17 
S(xi − 0) = zi + himiϕ
((
mi−1
mi
)1/2)
."18 
16
  		 		

S(xi−1 + 0) = zi − himi−1ϕ
((
mi
mi−1
)1/2)
. ."16 
    	  S "" S(xi − 0) = S(xi + 0)
i = 1, . . . , n− 1 - 
mi
(
hiϕ
((
mi−1
mi
)1/2)
+ hi+1ϕ
((
mi+1
mi
)1/2))
= δi, .".0 
- δi = zi+1 − zi" $ mi > 0   S    
	 -     δi > 0"
!	 di = 0  di+1 = 0  	 >
S(xi − 0) = zi + hi
2
mi .".1 

S(xi−1 + 0) = zi − hi
2
mi
- 
mi(hi + hi+1) = 2δi. .".. 
!	 di = 0  di+1 = 0  di = 0 di+1 = 0     	 ."16 
 .".1  - 
mi
(
hi
2
+ hi+1ϕ
((
mi+1
mi
)1/2))
= δi. .".5 
'  ."..  .".5    	 .".0 "   di = 0 
   mi−1 = mi   ϕ(1) = 1/2"
(  ."5 @?   m0 = α  mn = β" ( 
 ."4      	 d0  dn    - 
z1 − h1m0ϕ
((
m1
m0
)1/2)
= α ,
zn + hnmnϕ
((
mn−1
mn
)1/2)
= β.
.".4 
'   > .".4       	 .".0 -
i = 0 i = n  h0 = 0 z0 = α hn+1 = 0 zn+1 = β"
.0
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   	     ? 	 =   	
    zi      α β"
2 33 (  zi 	   )  	  *
α$ β$  	  		 	 	 
  C1 	
	   
   
 
    δi = 0"   .".0    	  > .".. 
.".5  .".4    	 .".0  mi = 0 	   S 	 .". -
."5  ."4 " (    	 S" 	 -   δi > 0
i = 1, . . . , n− 1 - α > 0 β > 0  ."5  α < z1 β > zn  ."4 "
E -   > 	  .".0 D.".5 - -   3
 	      	 mi = ϕi(m) - m = (m0, . . . ,mn)
 - -      [c,M ]    	  
ϕi : [c,M ]
n+1 → [c,M ]  ϕi  "    (3(- @?
    mi = ϕi(m) i = 0, . . . , n   "
 > .".0   	
mi = ϕi(m) =
δi
hiϕ
((
mi−1
mi
)1/2)
+ hi+1ϕ
((
mi+1
mi
)1/2) . .".2 
 mi−1 mi mi+1 ∈ [c,M ] - 0 < c < M "   ϕ  
 - 
ϕi(m) 
δi
(hi + hi+1)ϕ
((
c
M
)1/2) .
( + ."1 4  ϕ((c/M)1/2)  (c/M)1/2/2"  -  
- 
ϕi(m) 
2δi
hi + hi+1
(
M
c
)1/2
M
	
2δi
hi + hi+1
 (Mc)1/2 . ."./ 
%    	 H  c   M   H 
) M/c  1.84    ϕ((M/c)1/2)  2 log(M/c)1/2  - 
ϕi(m) 
δi
2(hi + hi+1) log
(
M
c
)1/2  c
.1
6
) ! 
 *
	
δi
hi + hi+1
 c log M
c
. .".7 
E         > ."..  .".5 
   	 .".0  	   -     
> ."./  .".7 "       .".4    	
  ."5 -    )  	  > α, β ∈
[c,M ]    	 c  M "
 -  h0 = 0 hn+1 = 0    .".4  
A = max
0in
2δi
hi + hi+1
, B = min
0in
δi
hi + hi+1
.
< A = (Mc)1/2   c    	M - 
B  c log(M/c)"  	  "
  	 
 
!"
 -   ) ξi   (xi−1, xi) i = 1, . . . , n  3
   
S(ξi) = f(ξi) , i = 1, . . . , n , .".8 
	  	 f @  [a, b]" ! B56C     	-
0

 3 3 +	* 	 , f 	 f ′′ ∈ Lip 1$  		
	 		 	 S 
  C1 	
	 -     
	
, , 	 xi = a + ih$ h = (b − a)/n$ i = 0, . . . , n    

* O(h3) 	 	
, ,
#% 3 3  
 
   O(h3) 	  '		 	 ./0 , 	
  
  		  1 
 $  , 	 	 	,	
  ,	2	 	 $ 
 ',$  		 S′(x0) = f ′0 = f ′(x0)
   	 	 Si = S(xi)$ i = 0, 1
h2f ′0(S1 − f(ξ1))− h(f(ξ1)− S0)(S1 − S0) = 0
	   2  	  , # 	 ./0
  =   S 	
xi∫
xi−1
S(x)dx =
xi∫
xi−1
f(x)dx , i = 1, . . . , n , .".6 
..
3 4  	 
 	
	  	 f    " (      
ξi ∈ (xi−1, xi)  
xi∫
xi−1
(
S(x)− f(x))dx = (S(ξi)− f(ξi))(xi − xi−1
)
= 0
-  S(ξi) = f(ξi)"      S    "
   
S′(x0) = f ′(x0) , S′(xn) = f ′(xn) ."50 

S(x0) = f(x0) , S(xn) = f(xn) . ."51 
(  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  	-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 O(h3) 	 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   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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	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	
  	   ."14  ."12 >  )-
	  mi"   >    > .".0 	
i = 1, . . . , n − 1  ."..  .".5    - 
-  .".4   	 .".0    	  
."4   m0 = α mn = β"     -   	
ψ0(m) ≡ m0 − α = 0 ,
ψi(m) ≡ mi
(
hiϕ
((
mi−1
mi
)1/2)
+ hi+1ϕ
((
mi+1
mi
)1/2))
− δi = 0 ,
i = 1, . . . , n− 1 ,
ψn(m) ≡ mn − β = 0
."5. 
-  @ 	 -   > .".4 " E -   	
Ψ(m) = (ψ0(m), . . . , ψm(m))  Ψ(m) = 0   	 	 	 ."5. "
% -  @   	 ."5.   '-K " $  	
'-K     	   
Ψ ′(mk)mk+1 = Ψ ′(mk)mk −Ψ(mk) ."55 
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 	 
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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  i3 - 
∂ψi
∂mi−1
=
1
2
hi
1
ui
ϕ′(ui) ,
∂ψi
∂mi
= hiϕ(ui)− 1
2
hiuiϕ
′(ui) + hi+1ϕ(vi)− 1
2
hi+1viϕ
′(vi) ,
∂ψi
∂mi+1
=
1
2
hi+1
1
vi
ϕ′(vi)
- ui = (mi−1/mi)1/2  vi = (mi+1/mi)1/2"
0

 33 (  ui > 0$ vi > 0 	  ∂ψi/∂mi > 0
 
   	 χ(x) = ϕ(x) − xϕ′(x)/2"  -  @
χ′(x) = (ϕ′(x) − xϕ′′(x))/2"   + ."1 1   	- χ′(x) > 0 	 x > 0"
 χ(0) = 0   limχ(x) = 0  x → 0+  -    	
 "
!    ∂ψi/∂mi−1 > 0  ∂ψi/∂mi+1 > 0 ?  
 .".4 -     >  G " 	  A
	   i3 - 
∂ψi
∂mi
− ∂ψi
∂mi−1
− ∂ψi
∂mi+1
= hi
(
ϕ(ui)− 1
2
(
ui +
1
ui
)
ϕ′(ui)
)
+ hi+1
(
ϕ(vi)− 1
2
(
vi +
1
vi
)
ϕ′(vi)
)
.
+    	
δ(x) = ϕ(x)− 1
2
(
x+
1
x
)
ϕ′(x) .

δ′(x) =
1
2
(
1 +
1
x2
)
ϕ′(x)− 1
2
(
x+
1
x
)
ϕ′′(x)
  + ."1 δ′(x) > 0 	 x > 0"  > δ(x) = 0  >
 > 2x4 log x − 3x4 + 4x3 − 2x2 + 2x log x + 1 = 0   
x∗ ≈ 0.734" > -   	-#
0

 33  	 
  ,	' 	 78 , 	 ,	 	

mi−1/mi  (x∗)2 ≈ 0.54$ mi+1/mi  (x∗)2     
  			
	 	
.4
3 4  	 
 	
+  )      	   
n → ∞ -  mi−1 mi  mi+1        -  
 "
!   -   -   )-   -
 ."14  ."12    "   	   .".. 
	  -  -    -  di = 0  > 
mi−1 = mi"
E -   	-  "" B.6C     
	 '-K "
0

 33 9  	   B(m0, R)  $ 	   ,
,$ ∥∥Ψ′(x)−Ψ′(y)∥∥  L‖x− y‖ ∀x, y ∈ B(m0, R) ,∥∥(Ψ′(m0))−1∥∥  b0 , ."54 ∥∥(Ψ′(m0))−1Ψ(m0)∥∥  b1 ."52 
	 b0b1L  1/2  R  (1−
√
1− 2b0)b1/b0   ,  *
  	 m∗ ∈ B(m0, R) 
  , 
+       +G  	 Ψ′   
> "" ‖mk+1 −m∗‖ = O(‖mk −m∗‖2)"
!   +G  	 Ψ′      	 
	 ϕ"   ."54  @     ""  
  & 	  ."5"   	 m0   mk -  
      >      ."52  @
	   b1"
     -     	 f ∈ C3[a, b] -
  
zi =
1
hi
xi∫
xi−1
f(x)dx , i = 1, . . . , n .
)   
mi =
2(zi+1 − zi)
hi + hi+1
, i = 1, . . . , n− 1 . ."5/ 
  	 K 	   m0i = f
′(xi) + O(h)  h = maxhi 
  m0i = f
′(xi) + O(h2)    	 	 " 
 
 	-    m∗i = f
′(xi) + O(h)  >
m0i − m∗i = O(h)"  	  h  ."4     
 	 '-K   -   	  "
.2
7
3 4  	 
 	
+    	  -      m0 = f
′(x0)
 mn = f
′(xn)" :    -  	   	  	 
 [a, b]    	 [a, b]      > 
 p(x)    (xi−1+xi)/2 i = 1, 2 	   i = 1, 2, 3 	 >
    z1 z2  z1 z2 z3   ) S(x0) = p(x0)
 m0 = p
′(x0)"  -  m0 = f ′(x0) + O(h) 	    
m0 = f
′(x0) + O(h2) 	  >    	 " !
  -  S(x0) = f(x0) +O(h
2)"   S(x0) = f(x0) +O(h
3)
     >   z1 z2 z3"
:-    	   ."5/  m0 mn  
   "
   
mi = ϕi(m) , i = 0, . . . , n , ."57 
L m = Φ(m) - Φ(m) = (ϕ0(m), . . . , ϕn(m))  	 >
.".2  i = 1, . . . , n − 1  -   	 .".4    
 m0 = α  mn = β" $   	  ."57  
 mki = ϕi(m
k−1) k = 1, 2, . . . " E - G   	 3
  	 i = 1, . . . , n−1  	 i = 0  i = n      "
*  A Δki = m
k
i −m∗i = ϕi(mk−1)−ϕi(m∗)  + 	
)      μ = ξmk−1 + (1 − ξ)m∗ ξ ∈ (0, 1) - 	
	 -      	 μ  k" E 
Δki
m∗i
=
1
2
αi
(
(βi + γi)
Δk−1i
μi
− βi
Δk−1i−1
μi−1
− γi
Δk−1i+1
μi+1
)
-
αi =
hiϕ
((
m∗i−1
m∗i
)1/2)
+ hi+1ϕ
((
m∗i+1
m∗i
)1/2)
hiϕ
((
μi−1
μi
)1/2)
+ hi+1ϕ
((
μi+1
μi
)1/2) ,
βi =
hi
(
μi−1
μi
)1/2
ϕ′
((
μi−1
μi
)1/2)
hiϕ
((
μi−1
μi
)1/2)
+ hi+1ϕ
((
μi+1
μi
)1/2) ,
γi =
hi+1
(
μi+1
μi
)1/2
ϕ′
((
μi+1
μi
)1/2)
hiϕ
((
μi−1
μi
)1/2)
+ hi+1ϕ
((
μi+1
μi
)1/2) .
( + ."1   βi + γi < 1 − δ 	  δ > 0   
 ."57 " !    αi > 1"
 -      	 m∗ "" mk ≈ m∗  
μ ≈ m∗"  αi ≈ 1    |Δki |/m∗i >  
./
3 4  	 
 	
|Δki |    G  -  > βi + γi" $ 
ϕ(1) = 1/2  ϕ′(1) = 1/3  >  2/3" '   -  
Δk−1i Δ
k−1
i−1 < 0  Δ
k−1
i Δ
k−1
i+1 < 0 - -   G  
 -    >   1/2  2/3"
  	         ? 
      	   "   ?
- $)K 	   "
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    
  

!   -        ."1"
 ?  	 B17C   	-      3
"           3   
	3   ? 	  "
 		 
 %	 
	
  	  	 f - 
zi =
1
hi
∫ xi
xi−1
f(x)dx, i = 1, . . . , n.
    S(x0) = f(x0)  S
′(x0) = f ′(x0) - 
   xn" E        
 	 mi - -     "
/ 3 3 9 f ′ ∈ Lipα 
 , α ∈ (0, 1]  f ′(x) > 0 
  x ∈ [a, b]
 mi − f ′(xi) = O(hα)
 
 ) Ki = [f
′(xi)− chα, f ′(xi) + chα] -   c > 0  	
h  - -  @ " -  ϕi :
∏n
i=0Ki → Ki 	  i -
  (3(- @?     > 	   	
  mi = ϕi(m) i = 0, . . . , n    mi ∈ [f ′(xi)−chα, f ′(xi)+chα]"
.8
# &	, 
 2 ,,
    G    i = 1, . . . , n − 1"    	
δi =
1
hi+1
xi+1∫
xi
f(x)dx− 1
hi
xi∫
xi−1
f(x)dx
  ? f(x) = f(xi) + f
′(xi)(x − xi) + R -  
|R|  (L/(1 + α))|x− xi|1+α  L   +G  	 f ′ - 
δi =
1
2
(hi + hi+1)f
′(xi)± L
(1 + α)(2 + α)
(
h1+αi + h
1+α
i+1
)
5"1 
  - p = q ± r     -3 >
q − r  p  q + r "
'?   ?
ϕ
((mi−1
mi
)1/2)
= ϕ(1) + ϕ′(ξi)
((mi−1
mi
)1/2 − 1), 5". 
ξi ∈
(
1,
(mi−1
mi
)1/2)
.
 mi = f
′(xi)± chα i = 0, . . . , n"  - 
mi−1
mi
− 1 = mi−1 −mi
mi
= ± 2c+ L
f ′(xi)− chαh
α. 5"5 
+  )      mi−1/mi → 1  h → 0"  
 ?      	 (1 + x)1/2  0 - 
√
x− 1 = √1 + (x− 1)− 1
=
x− 1
2
− (x− 1)
2
8(1 + ξ)3/2
, ξ ∈ (0, x− 1).
     x = mi−1/mi -   	 5"5  (mi−1
mi
)1/2 − 1 = 1
2
(mi−1
mi
− 1
)
+O(h1+α)
= ±
( c+ L2
f ′(xi)− chαh
α +O(h1+α)
)
= ±
( c+ L2
f ′(xi)
hα +O(h2α)
)
. 5"4 
E     5".    .".2   
ϕ′(ξi) =
1
3
+O(hα). 5"2 
.6
8
# &	, 
 2 ,,
$     	   ϕ((mi+1/mi)
1/2)  .".2 "
)  .".2   5"1  5".  5"4  5"2 -  
	 mi+1 - 
ϕi(m) =
1
2(hi + hi+1)f
′(xi)± L(1+α)(2+α) (h1+αi + h1+αi+1 )
1
2
(hi + hi+1)± (hi + hi+1)
(1
3
+O(hα)
)( c+ L2
f ′(xi)
hα +O(h2α)
)
=
f ′(xi)± 2L(1+α)(2+α)hα
1±
(1
3
+O(hα)
)(2c+ L
f ′(xi))
hα +O(h2α)
)
=
(
f ′(xi)± 2L
(1 + α)(2 + α)
hα
)(
1±
( 2
3c+
L
3
f ′(xi)
hα +O(h2α)
))
= f ′(xi)±
((2
3
c+
(1
3
+
2
(1 + α)(2 + α)
)
L
)
hα +Mh2α
)
5"/ 
-  M > 0  -  c L  f " E   
ϕi(m) ∈ Ki 	
2
3
c+
(1
3
+
2
(1 + α)(2 + α)
)
L+Mhα  c,
-   )  	 H  c ""    α = 1 	
c > 2L   h"
   S′(x0) = f ′(x0)       -
 L - S(x0) = f(x0)  
m0 = ϕ0(m) =
δ0
h1ϕ
(
(m1m0 )
1/2
) . 5"7 
  
δ0 =
h1
2
f ′(x0)± L
(1 + α)(2 + α)
h1+α1
 -   	  ?
ϕ
((m1
m0
)1/2)
= ϕ(1) + ϕ′(ξ0)
((m1
m0
)1/2 − 1),
ξ0 ∈
(
1,
(m1
m0
)1/2)
,
-  	 ϕ0   @ 	 	 -3  5"/ "   
	"
/ 33 9 f ′′ ∈ Lipα 
 , α ∈ (0, 1]  f ′(x) > 0 
 
x ∈ [a, b]  mi − f ′(xi) = O(h1+α)
50
# &	, 
 2 ,,
 
 +  -  > .".2   	
Fi(mi−1,mi,mi+1) = himiϕ
((mi−1
mi
)1/2)
+ hi+1miϕ
((mi+1
mi
)1/2)
= δi, i = 1, . . . , n − 1, 5"8 
     	 Fi" (  ? - 
δi =
1
2
(hi + hi+1)f
′(xi) +
1
6
(h2i+1 − h2i )f ′′(xi) +O(h2+αi + h2+αi+1 ). 5"6 
$ 	   	 5"8 -    ?
Fi(mi−1,mi,mi+1) = Fi(mi,mi,mi) + F ′i (mi,mi,mi)hi +
F ′′i (ξλ)
2!
h
2
i
- hi = (mi−1 −mi, 0,mi+1 −mi)  λ ∈ (0, 1)  ξλ = (mi,mi,mi) + λhi"
: -    Fi(mi,mi,mi) = (hi+hi+1)mi/2"    -
F ′i - 
∂Fi
∂mi−1
=
hi
2
ϕ′
((mi−1
mi
)1/2)(mi−1
mi
)−1/2
-  ∂Fi/∂mi−1(mi,mi,mi) = hi/6   -   
∂Fi/∂mi+1(mi,mi,mi) = hi+1/6" ! F
′′
i -   
∂2Fi
∂m2i−1
=
hi
4
1
mi−1
(
ϕ′′
((mi−1
mi
)1/2)− ϕ′((mi−1
mi
)1/2)(mi−1
mi
)−1/2)
   ∂2Fi/∂m
2
i+1" %   + 5"1  
mi ∈ [c1, c2] - c1, c2 > 0 	 H   	 h"  
λmi−1 + (1 − λ)mi λmi+1 + (1 − λ)mi ∈ [c1, c2]" $	  
-   
F ′′i (ξλ)
2
h
2
i = hiαi(mi−1 −mi)2 + hi+1βi(mi+1 −mi)2
- αi  βi  "   	   	 5"8  
1
6
himi−1 +
1
3
(hi + hi+1)mi +
1
6
hi+1mi+1
+ hiαi(mi−1 −mi)2 + hi+1βi(mi+1 −mi)2. 5"10 
!    	 f ′(xi) − hif ′′(xi) = f ′(xi−1) + O(h1+αi ) 
f ′(xi) + hi+1f ′′(xi) = f ′(xi+1) +O(h1+αi+1 )   - 5"6 
δi =
1
6
hif
′(xi−1) +
1
3
(hi + hi+1)f
′(xi) +
1
6
hi+1f
′(xi+1)
+O(h2+αi + h
2+α
i+1 ). 5"11 
51
# &	, 
 2 ,,
'- 5"10  5"11   	 5"8   	
λi(mi−1 − f ′(xi−1)) + 2(mi − f ′(xi)) + μi(mi+1 − f ′(xi+1))
= −6λiαi(mi−1 −mi)2 − 6μiβi(mi+1 −mi)2 +O(h1+α) 5"1. 
- λi = hi/(hi + hi+1)  μi = 1− λi"
!   	   S(x0) = f(x0) - 5"7 
F0(m0,m1) = h1m0ϕ
((m1
m0
)1/2)
= δ0 . 5"15 
: -   ?
δ0 =
1
2
h1f
′(x0) +
1
6
h21f
′′(x0) +O(h2+α1 )
=
1
3
h1f
′(x0) +
1
6
h1f
′(x1) +O(h2+α1 )

F0(m0,m1) = F0(m0,m0) + F
′
0(m0,m0)h0 +
F ′′0 (ξλ)
2!
h
2
0
- h0 = (0,m1 − m0)  ξλ = (m0,m0) + λh0" !   	 - 
F0(m0,m0) = h1m0/2 ∂F0/∂m1(m0,m0) = h1/6 
F ′′0 (ξλ)
2
h
2
0 = h1α0(m1 −m0)2
- α0  "  > 5"15 )  	
2(m0 − f ′(x0)) + (m1 − f ′(x1)) = −6α0(m1 −m0)2 +O(h1+α1 ). 5"14 
%    f ′′ ∈ Lipα  f ′ ∈ Lip 1   
+ 5"1 mi −mi−1 = O(h)  (mi −mi−1)2 = O(h2) 	  i"
 -  > 5"1.  5"14 -    xn  
  -   mi − f ′(xi) i = 0, . . . , n - @    
    -" :-   S′(x0) = f ′(x0) 
  > m0 − f ′(x0) = 0 -    	 
"   mi − f ′(xi) = O(h1+α) -   	"
#% 3 3 " 
 '  		 S(x0) = f(x0) 
S′(x0) = f ′(x0) 	 ,   	  *	 S(x0) = f(x0) + O(h1+α1 )
 S′(x0) = f ′(x0)+O(hα1 ) 	 :,, #$   S(x0) = f(x0)+O(h
2+α
1 ) 
S′(x0) = f ′(x0) +O(h1+α1 ) 	 :,, 
5.
  * 	,
  
!" 		
!   -     	 	 
‖S − f‖∞ = maxaxb |S(x) − f(x)| 	 S   =  
   	 f  -    ."1  5"1" ! 
   	 ‖S′ − f ′‖∞  "
/ 33 "  ,	 
 :,, # 	*$ 
 :,,  	
 ‖S′ − f ′‖∞ = O(hα) 	*$ ‖S′ − f ′‖∞ = O(h1+α)
 
 +     ."14 	  
S(x) = zi + hi
mi−1((mi−1
mi
)1/2 − 1)2 log
(mi−1
mi
)1/2
− hi mi−1((mi−1
mi
)1/2 − 1)(1 + x−xi−1hi ((mi−1mi )1/2 − 1))
	 x ∈ [xi−1, xi]"  
S′(x) =
mi−1(
1 + x−xi−1hi ((
mi−1
mi
)1/2 − 1))2 .
   f 	   	 + 5"1" E  	   	

A =
(mi−1
mi
)1/2 − 1 = 1
2
(mi−1
mi
− 1
)
+O(h1+α)
 - )-  A = O(hα)"  - 
S′(x) =
mi−1
1 + 2x−xi−1hi A+O(h
2α)
= mi−1(1− 2x− xi−1
hi
A+O(h2α))
= mi−1 − x− xi−1
hi
mi−1
mi
(mi−1 −mi) +O(h2α). 5"12 
    mi−1 = f ′(xi−1)+O(hα)  mi−1−mi = f ′(xi−1)+
O(hα) − (f ′(xi) + O(hα)) = O(hα)  - mi−1,mi ∈ [c1, c2] 	 
c1, c2 > 0 - 
S′(x) = f ′(xi−1) +O(hα), x ∈ [xi−1, xi]. 5"1/ 
% f ′(x) = f ′(xi−1) +O(hα) x ∈ [xi−1, xi]   - 5"1/  
	   	 + 5"5"
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9
  * 	,
    	 f 	   	 + 5"." '-
  5"12  
mi−1 = f ′(xi−1) +O(h1+α),
mi−1
mi
=
f ′(xi−1) +O(h1+α)
f ′(xi) +O(h1+α)
=
f ′(xi) +O(h)
f ′(xi) +O(h1+α)
= 1 +O(h),
mi−1 −mi = f ′(xi−1) +O(h1+α)− (f ′(xi) +O(h1+α)) = −hif ′′(xi−1) +O(h1+α).
%      A = O(h)      5"12  O(h2)"
 - 
S′(x) = f ′(xi−1) + (x− xi−1)f ′′(xi−1) +O(h1+α), x ∈ [xi−1, xi].
 -   ? f ′(x) = f ′(xi−1) + (x− xi−1)f ′′(xi−1) +O(h1+α)
x ∈ [xi−1, xi]     	 + 5"5"  	  "
E G   	      	-#
2 3 3 9 f ′(x) > 0 
  x ∈ [a, b]  f ′ ∈ Lipα 
 ,
α ∈ (0, 1]   		 	 S 	2 ‖S − f‖∞ = O(h1+α) "
$ 	
		$ f ′′ ∈ Lipα$ α ∈ (0, 1]$  ‖S − f‖∞ = O(h2+α)
 
   
1
hi
xi∫
xi−1
S(x)dx =
1
hi
xi∫
xi−1
f(x)dx
 > 
∫ xi
xi−1(S(x) − f(x))dx = 0 -   ? 	
ξi ∈ (xi−1, xi)   S(ξi) = f(ξi)" 	   S(x) − f(x) =∫ x
ξi
(S′(s) − f ′(s))ds" $ ‖S′ − f ′‖∞  Mhβ 	  M > 0 - 
	 x ∈ [xi−1, xi]
|S(x) − f(x)| 
∣∣∣
x∫
ξi
∣∣S′(s)− f ′(s)∣∣ds∣∣∣
 Mhβ |x− ξi| Mhβ+1.
( -  + 5"5 -    	  5"1"
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  

E   . - )    	      
-   ) 	      " %   
   	      "
   	      B18C"
 &	

	
 

+ [a, b] a, b ∈ R a < b  -   xi, i = 0, . . . , n  
a  x0 < x1 < . . . < xn  b, n ∈ N.
$  zi i = 1, . . . , n,    " E    
 	  C1 	 S  [a, b]     [xi−1, xi]
i = 1, . . . , n   >     	 	  	
."1 - 1 + di(x− xi−1) > 0 	    .". "
!   .".  -  -   ."5  ."4 " % -
    	   	 ? S′(x0) = α  S(xn) = β"
   
 	 	

	
!    -     -  
 xi i = 0, . . . , n    zi i = 1, . . . , n" +    - 
  =  	 	  	 ."1  >  
 [xi−1, xi] i = 1, . . . , n"
52
 !	 
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 		 5
	 
	  	 ,	  	 	*  	
	 
, 		 		    		   
 
  S1  S2  - A   -   zi
        	 ) 	  "
 g = S1 − S2  G G 	  	 g′   [xi−1, xi]" !	
S1  S2   >      g  > 
g′   	 g′(x) = 0 -  -      
[xi−1, xi]"
!	 S1  S2   =  	  [xi−1, xi]   	
	  ."1 -   g′(x) = 0 -        
"
$  S1  S2 	  .". -    zi 
 " $  	 	  ."1 -      -
       g′(x) = 0 -  [x0, xn]  
 ."7    g(x) = 0 -"    	"
 		
 
 
!   -  -    -     
 4"1 -  S 	  C1   [xi−1, xi]  > 
 =  	"    S  -  
 [xi−1, xi] >  " E    -   zi
   .". "
!   -   	 S 	 >   "
    -   ."14  ."12 	 di = 0"
%  >  [xi−1, xi] -   
S(x) = a0 + a1(x− xi−1) + a2(x− xi−1)2.
  S′(x) = a1 + 2a2(x− xi−1) - 
S′(xi−1) = a1 = mi−1,
S′(xi) = a1 + 2a2hi = mi.
  >  
a2 =
1
2hi
(mi −mi−1).
    .". -  @
a0 = zi − 1
6
hi(mi + 2mi−1).
5/
  		 		
   S   >  [xi−1, xi] 
S(x) = zi +
hi
6
((−2 + 6t− 3t2)mi−1 + (−1 + 3t2)mi), 4"1 
- x = xi−1 + thi"
 
		 
	

!   -    >    "
!	 -  mi = S
′(xi) i = 0, . . . , n    S  	  
[xi−1, xi]    mi−1  mi 	  i    - 
 mi = S
′(xi − 0)  mi = S′(xi + 0) i = 1, . . . , n − 1 -   
 S′     x1, . . . , xn−1"
+    [xi−1, xi]  [xi, xi+1]  " E  
 - mi > 0 	  i   mi < 0   "  	
S  G   ."4  -  -   	 S   xi
i = 1, . . . , n− 1,  > .".2 "
%  >  [xi−1, xi] -  	 4"1 
S(xi − 0) = zi + hi
6
(mi−1 + 2mi), 4". 
S(xi−1 + 0) = zi +
hi
6
(−2mi−1 −mi). 4"5 
!	   [xi−1, xi]  [xi, xi+1]  >  	   	
S   xi i = 1, . . . , n − 1      > S(xi − 0) = S(xi + 0)"
    - 
zi+1 +
hi+1
6
(−2mi −mi+1) = zi + hi
6
(mi−1 + 2mi)
  δi = zi+1 − zi
hi
6
mi−1 +
hi + hi+1
3
mi +
hi+1
6
mi+1 = δi, 4"4 
- -  - 
mi = ϕi(m) =
6δi − himi−1 − hi+1mi+1
2(hi + hi+1)
. 4"2 
+   [xi−1, xi]      [xi, xi+1] >"  
."18  4"5 -   
zi + himiϕ
((
mi−1
mi
)1/2)
= zi+1 +
hi+1
6
(−2mi −mi+1)
57
10
% 1 		 	,

himiϕ
((
mi−1
mi
)1/2)
− hi+1
6
(−2mi −mi+1) = δi, 4"/ 
 -  -  
mi = ϕi(m) =
δi − hi+16 mi+1
hiϕ
((
mi−1
mi
)1/2)
+
hi+1
3
. 4"7 
!   -   [xi−1, xi]  >   
[xi, xi+1]  -  4".  ."16     	 S   xi
i = 1, . . . , n− 1 
zi +
hi
6
(mi−1 + 2mi) = zi+1 − hi+1miϕ
((
mi+1
mi
)1/2)

hi
6
(mi−1 + 2mi) + hi+1miϕ
((
mi+1
mi
)1/2)
= δi,

mi = ϕi(m) =
δi − hi6 mi−1
hi
3 + hi+1ϕ
((
mi+1
mi
)1/2) . 4"8 
    	   -      	 n+1 >
  - n+ 1 )- m0, . . . ,mn" >  	 
  	  .".2  4"2  4"7  4"8     " !
 -   " :  .".  
   >" !	   m0, . . . ,mn  	   
       ."14    >  
4"1 "
!      	 @     
 	 ) =   > 	   
   	   "
 ' 
 		
!   -   -) 	   ? 	 3
 "
!  	- -      	 	 ϕi  
 -  @  > .".2  4"2  4"7  4"8 " 
 -    	   ? 	  "
58
% 1 		 	,
/ 3 3 : [xi−1, xi]  [xi, xi+1]  	 	*  δi > 0 15
,  Kj = [rj, R]$ rj > 0$ j = i − 1, i, i + 1 "
 mj ∈ Kj $ j = i − 1, i, i + 1,
 ϕi(m) ∈ Ki 	
 ' 			  	2;
2δi  (hir1/2i−1 + hi+1r
1/2
i+1)R
1/2

δi
hi + hi+1
 ri log
R
ri
	 R/ri  1.84.
 
 +   [xi−1, xi]  [xi, xi+1]    δi > 0" 
ϕi(m) =
δi
hiϕ
((
mi−1
mi
)1/2)
+ hi+1ϕ
((
mi+1
mi
)1/2) .
$  Kj = [rj , R] rj > 0  mj ∈ Kj  j = i− 1, i, i + 1"
     	 ϕi(m) - 
ϕi(m) =
δi
hiϕ
((
mi−1
mi
)1/2)
+ hi+1ϕ
((
mi+1
mi
)1/2)
 δi
hiϕ
((
ri−1
R
)1/2)
+ hi+1ϕ
((
ri+1
R
)1/2) .
   4 	 	 ϕ 	 + ."1 -  
ϕ
((ri−1
R
)1/2)
>
1
2
(ri−1
R
)1/2

ϕ
((ri+1
R
)1/2)
>
1
2
(ri+1
R
)1/2
.
E   	  
ϕi(m) 
2δi
hi
(
ri−1
R
)1/2
+ hi+1
(
ri+1
R
)1/2  R
	
2δi 
(
hir
1/2
i−1 + hi+1r
1/2
i+1
)
R1/2.
 ϕi(m) 	 - - 
ϕi(m) =
δi
hiϕ
((
mi−1
mi
)1/2)
+ hi+1ϕ
((
mi+1
mi
)1/2)
56
% 1 		 	,
 δi
hiϕ
((
R
ri
)1/2)
+ hi+1ϕ
((
R
ri
)1/2) .
    2 	 + ."1 -  ϕ((R/ri)
1/2)  log(R/ri) 	 R/ri  1.84"

ϕi(m) 
δi
(hi + hi+1) log
R
ri
 ri
	
δi
hi + hi+1
 ri log
R
ri
.
E    "
/ 33 :  	* [xi−1, xi]  [xi, xi+1]  	 	 δi  0
9 Ki−1 = [−R,−εi−1]$ Ki = [εi, R]$ Ki+1 = [−R,−εi+1]  εj  0$
j = i− 1, i, i + 1 "
 mj ∈ Kj $ j = i− 1, i, i + 1$  ϕi(m) ∈ Ki  ,	

6δi  (hi + hi+1)R 4"6 

6δi + hiεi−1 + hi+1εi+1  2(hi + hi+1)εi, 4"10 
	 	  
 δi = 0  , < #6 	 
,
εi+1 = 2
(
1 +
hi
hi+1
)
εi − hi
hi+1
εi−1.
 
 + [xi−1, xi]  [xi, xi+1]  >  - δi  0" 
ϕi(m) =
6δi − himi−1 − hi+1mi+1
2(hi + hi+1)
.
  Ki−1 = [−R,−εi−1] Ki = [εi, R] Ki+1 = [−R,−εi+1]  εj  0
mj ∈ Kj  j = i− 1, i, i + 1"
     ϕi(m) 	 " E 
ϕi(m) =
6δi − himi−1 − hi+1mi+1
2(hi + hi+1)
 6δi +R(hi + hi+1)
2(hi + hi+1)
 R,
	
6δi +R(hi + hi+1)  2R(hi + hi+1)

6δi  R(hi + hi+1).
40
% 1 		 	,
   ϕi(m) 	 - - 
ϕi(m) =
6δi − himi−1 − hi+1mi+1
2(hi + hi+1)
 6δi + hiεi−1 + hi+1εi+1
2(hi + hi+1)
 εi,
	
6δi + hiεi−1 + hi+1εi+1  2(hi + hi+1)εi.
!	 δi = 0   >
hiεi−1 + hi+1εi+1 = 2(hi + hi+1)εi

εi+1 = 2
(
1 +
hi
hi+1
)
εi − hi
hi+1
εi−1
  4"10 " +  "
/ 33 : [xi−1, xi]  	  [xi, xi+1] 	 	* 	 δi  0
9  Ki−1 = [εi−1, R]$ Ki = [εi, R]$ Ki+1 = [−R,−εi+1]$ 	 εi−1 > 0$
εi > 0  εi+1  0 "
 mj ∈ Kj$ j = i − 1, i, i + 1$  ϕi(m) ∈ Ki  
,	
δi 
hi
2
(εi−1R)1/2 +
hi+1
6
R

δi +
hi+1
6
εi+1  hiεi log
R
εi
+
hi+1
3
εi.
!   "" 	 [xi−1, xi]  >  [xi, xi+1] 
- δi  0 - ) Ki−1 = [−R, εi−1] Ki = [εi, R] Ki+1 = [εi+1, R] -
εi−1  0 εi > 0 εi+1 > 0   
δi 
hi
6
R+
hi+1
2
(εi+1R)
1/2

δi +
hi
6
εi−1 
hi
3
εi + hi+1εi log
R
εi
.
!   -   R/εi  1.84.
 
 + [xi−1, xi]    [xi, xi+1] >  - δi  0" 
ϕi(m) =
δi − hi+16 mi+1
hiϕ
((
mi−1
mi
)1/2)
+
hi+1
3
.
41
11
% 1 		 	,
  Ki−1 = [εi−1, R] Ki = [εi, R] Ki+1 = [−R,−εi+1] - εi−1 > 0
εi > 0 εi+1  0  mj ∈ Kj  j = i− 1, i, i + 1"
$ -    ϕi(m) 	   
ϕi(m) =
δi − hi+16 mi+1
hiϕ
((
mi−1
mi
)1/2)
+
hi+1
3

δi +
hi+1
6 R
hiϕ
((
εi−1
R
)1/2)
+
hi+1
3
.
   4 	 + ."1 -  ϕ((εi−1/R)1/2) > (εi−1/R)1/2/2"
    
ϕi(m) 
δi +
hi+1
6
R
hi
2
(εi−1
R
)1/2
+
hi+1
3
 R
	
δi +
hi+1
6
R  hi
2
(εi−1
R
)1/2
R+
hi+1
3
R

δi 
hi
2
(εi−1R)1/2 +
hi+1
6
R.
'- -    ϕi(m) 	 -" E 
ϕi(m) =
δi − hi+1
6
mi+1
hiϕ
((
mi−1
mi
)1/2)
+
hi+1
3

δi +
hi+1
6
εi+1
hiϕ
((
R
εi
)1/2)
+
hi+1
3
.
   2 	 + ."1 -  ϕ((R/εi)
1/2)  log(R/εi) 	
R/εi  1.84"  -   	 ϕi(m) - 
ϕi(m) 
δi +
hi+1
6
εi+1
hi log
(
R
εi
)1/2
+
hi+1
3
 εi,
	
δi +
hi+1
6
εi+1  hiεi log
R
εi
+
hi+1
3
εi.
!    	 	   "
   	"
'  	   	 δi  @    
+ 4"1D4"5"
4.
)  , 5*	 
 


	
 (!" 		"
!   -   ? 	     	 -) 
	 "

δi = zi+1 − zi, i = 1, . . . , n− 1,
δ0 = α, δn = β 	   ."5  ,
δ0 = z1 − α, δn = β − zn 	   ."4  .
$  3  -    [xi−1, xi]
   	 δi−1δi > 0  > -"
$ >  ""  ? > 	 & > 
[xi, xi+1], . . . , [xi+k−1, xi+k]   -)  	  	   [xi−1, xi]
   [xi, xi+1], . . . , [xi+k−1, xi+k] >  [xi+k, xi+k+1]
 
δi > 0, δi+1  0, δi+2  0, . . . , (−1)kδi+k−1  0, (−1)kδi+k > 0

δi < 0, δi+1  0, δi+2  0, . . . , (−1)kδi+k−1  0, (−1)kδi+k < 0.
2 33 "
  < 	 
  <   	 	 
 , 5*	 		 '	  	 	 	 , 
	 	*
 
   - -  > 	  .".2 4"2  4"7  4"8 - - 3
  - -  	     	 mi = ϕi(m)" E
@   ?  K =
∏n
i=0Ki ⊂ Rn+1 -  Ki   
 ϕi : K → Ki   	 ϕi  "    (D(-
@?  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  "
     [xi−1, xi] 	 δi−1 > 0 δi > 0 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[xi−1, xi]  [xi, xi+1]  " E  > 4"7  4"2  4"8 
	 ) xi−1, xi  xi+1   	- 	#
hi
6
(2mi−1 +mi) + hi−1mi−1ϕ
((
mi−2
mi−1
)1/2)
= δi−1, 4"1/ 
himi−1 + 2(hi + hi+1)mi + hi+1mi+1 = 0, 4"17 
hi+1
6
(mi + 2mi+1) + hi+2mi+1ϕ
((
mi+2
mi+1
)1/2)
= δi+1. 4"18 
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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 
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
   > 4"18     	 mi+1  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  >" + Ki−2 = Ki−1 = [r,R] Ki+1 = Ki+2 =
[−R,−r]  Ki = [ε,R] - ε > 0" E   mj ∈ Kj 	  j" (
+ 4"1 -  ϕi−1(m) ∈ Ki−1 	
2δi−1  hi−1(rR)1/2 4"16 

δi−1
hi−1 + hi
 log R
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. 4".0 
+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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|δi+1|  hi+1
6
R+
hi+2
2
(rR)1/2 4".. 
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|δi+1|  hi+1
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r + hi+2r log
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 -
   4"1"     4"1 - )-     
 3  "  -  k  1" 
 	 ? 4"1 -)  - 	 k  1 "" ) δi−1 → 0  
 @? -      3 "
+    @  3   
  	 "   [xi−2, xi−1]  [xi+k+1, xi+k+2]  
     " $    4"1 -    [xi−1, xi]
      [xi, xi+1], . . . , [xi+k, xi+k+1]   >" '-
-       ? 	   "
+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    4". -   δi, . . . , δi+k -   
δi+k+1   @  " E     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 	
-      -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  	  @  δi+p 	 3
     δi+p = 0  δi+p+1 = 0  - )  
[xi+p−1, xi+p]       [xi−1, xi], . . . , [xi+p−2, xi+p−1]  
>" !    	 	 Kj  j = i, . . . , i + p    
Kj = [εj , R]  Kj = [−R,−εj ]"      - )
εi+p−1 = εi+p   -   δi+p−1, . . . , δi+k+2 -  
[xi+p−1, xi+p]  [xi+k+1, xi+k+2]     " *) 4".  4"5
-     ϕj(m) ∈ Kj 	  j" ? 	  
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	 !,< 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     > " !  - - 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 ,	  	 	* 	 	 	 	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 5
,	 	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  4".    @ 
3 "        3
 	 " E    -   mi−1 > 0 mi > 0
  > 4"7   mi+1 < 0   |mi+1| > 2mi"  
> 4"2   	
mj+1 = −
(
2 +
3hj
3hj+1
)
mj − hj
2hj+1
(mj + 2mj−1), j = i+ 1, . . . , i+ k,
-     (−1)j−imj > 0 |mj | > 2|mj−1| j = i+1, . . . , i+ k+1"
( 	   	 A -   @  "
     	 H  k    
[x0, xi]  [xi+k, xn] -    S(xi) = zi 
S(xi+k) = zi+k = zi" E   S(x) = zi 	 x ∈ [xi, xi+k]" $ -)
	      ) 	 C1     xi  xi+k"
'          [x0, xi−1] 
[xi+k+1, xn] -   S(xi−1) = zi  S(xi+k+1) = zi+k" !	 -
) S(x) = zi x ∈ [xi−1, xi+k+1]    -     C1
    xi−1  xi+k+1"
        [x0, xi]  [xi+k, xn] )
   " (  -   	 S    
  [xi−1, xi]  [xi+k, xi+k+1] -   S(xi) = zi
S′(xi) = 0  S(xi+k) = zi+k S′(xi+k) = 0 ) S(x) = zi, x ∈ [xi, xi+k]" !
   	 S   C1 "
  -  	       	 
	 S  [xi−1, xi+k+1]" :   & -  ) S(x) = zi
x ∈ [xi−1, xi+k+1]    [xi−2, xi−1]  [xi+k+1, xi+k+2]  S  
 -    xi−1  xi+k+1 	 S   - C1
"  	 x ∈ [xi−2, xi−1] -  -     	
S(x) = zi−1 + δi−1(−1 + 6t2 − 4t3) + hi−1
6
mi−2(−1 + 6t− 9t2 + 4t3)
48
3 =	2 , 5*	 
- x = xi−2 + thi−1 
S′(x) =
12
hi−1
δi−1(t− t2) +mi−2(1− 3t+ 2t2).
$ δi−1 > 0" $      S′(x)  0 x ∈ [xi−2, xi−1]
	   	 0  mi−2  12δi−1/hi−1" !    -  
        	 - 
       [xi−2, xi−1]  "" B51C " !  	
δi − 1 < 0  @   " %   [xi+k+1, xi+k+2]
   "
46
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  
   
 
   	     @     	 
   	 =   >  
	  	      "   	  
   B.1C"
 ' 
  	

: -        4"1" E - 	-
    	  4"
    	 f   @  	  ci  [a, b] 
 f ′(ci) = 0.    	  5    " $
  ci -  -   ?
f(x) = f(ci) + f
′(ci)(x− ci) + . . . + f
(ki−1)(ci)
(ki − 1)! (x− ci)
ki−1
+
f (ki)(ci)
ki!
(x− ci)ki + o((x− ci)ki)
- f ′(ci) = 0, . . . , f (ki−1)(ci) = 0, f (ki)(ci) = 0. JG  
-     	  A 	 f    
limx→ci, x>ci f ′(x)/|x − ci|α1 = γ1 = 0  limx→ci, x<ci f ′(x)/|x − ci|α2 = γ2 = 0
-   α1, α2    γ1, γ2. %   >
    	  ci.     	  	 ci 
 	  5   "
+     "
20
%# 1	 
 	 	
  f ′ ∈ + α, 0 < α  1, "" |f ′(x) − f ′(y)|  L|x − y|α 	
 L -     ? f(x) = f(a) + f ′(a)(x − a) + R 
|R|  (L/(1 + α))|x− a|1+α. 
δi =
1
hi+1
∫ xi+1
xi
f(x)dx− 1
hi
∫ xi
xi−1
f(x)dx =
1
2
(hi + hi+1)f
′(xi) +Ri
- |Ri|  (L/((1 + α)(2 + α)))(h1+αi + h1+αi+1 ).
$    ‖S′ − f ′‖∞ = O(hα) -  ‖S − f‖∞ =
O(h1+α),   5" E     2". -   |mi−f ′i | =
O(hα)  ‖S′ − f ′‖∞ = O(hα)"
E - 	          - 	
G"    	  )  	  	 [a, b]
"" xi = a + ih, i = 0, . . . , n, h = (b − a)/n. !   	 H 
	 f - 
1
h
δi = f
′
i +
h2
12
f ′′′i +O(h
3),
    > -  f ′i = f
′(xi) -  @ 	 
	" %   	    	  ci 
 	  5      |mi−f ′i | = O(h2) 	 
	   |mi− f ′i | = O(hα), 0 < α < 2,    	 - 
  5 "        	 ci  "
' -      	  5"
+   -  	 f(x) = x2 sgnx, x ∈ [−1, 1].
  n  -  xi = 0, i = n/2,    
δi =
2
3
h2, δi+k = δi−k = 2kh2, k = 1, . . . ,
n
2
− 1.
$   ."5  	 S′(x0) = f ′(x0) S′(xn) = f ′(xn)  3
 -      "   n    0  
 	   [xi, xi+1] - i = (n − 1)/2" 
δi = δi+1 =
13
12
h2, δi+k = (2k − 1)h2, k = 2, . . . , (n − 1)/2,

δi−1 = δi+k+1 = (2k + 1)h2, k = 1, . . . , (n− 3)/2.
:     " E - 	     
 	 n "
 > 	   .".0     xj  -
mj
(
ϕ
((mj−1
mj
)1/2)
+ ϕ
((mj+1
mj
)1/2))
=
1
h
δj = f
′
j 2"1 
21
%# 1	 
 	 	

mj =
f ′j
ϕ
((
mj−1
mj
)1/2)
+ ϕ
((
mj+1
mj
)1/2)
 
mj − f ′j = f ′j
1− ϕ
((mj−1
mj
)1/2)− ϕ((mj+1
mj
)1/2)
ϕ
((mj−1
mj
)1/2)
+ ϕ
((mj+1
mj
)1/2) . 2". 
 μj = mj−1/mj , j = 1, . . . , i,  μj = mj/mj−1, j = i + 1, . . . , n. %
      μj      2". " +   
     	 xi = 0   μi+k = μi−k+1 	  k 
  > 2"1 	 j = i+ k  j + 1 
μj+1 =
δj+1
δj
ϕ(μ
−1/2
j ) + ϕ(μ
1/2
j+1)
ϕ(μ
−1/2
j+1 ) + ϕ(μ
1/2
j+2)
2"5 
- δj+1/δj = 1 + 1/k"  μ = (μ1, . . . , μn)    	
Φj(μ) =
ϕ(μ
−1/2
j−1 ) + ϕ(μ
1/2
j )
ϕ(μ
−1/2
j ) + ϕ(μ
1/2
j+1)

Ψj(μ) =
δj
δj−1
Φj(μ).
  > 2"5  μj = Ψj(μ).
E     5".    |mi − f ′i | = O(hα) 
‖S′ − f ′‖∞ = O(hα)      ‖S − f‖∞ = O(h1+α)" E 
 >      @  -    
	 =   	  	    3
" E -         " E  
	- 
/ 3 3 9 μj+l ∈ [1 + 1/(k + l − 1)− δ, 1 + 1/(k + l − 1) + δ]$
l = 0, 1, 2, 	 >	 , δ > 0.  
 , 		*  c1, c2 	

Φj+1(μ) ∈
[
1− c1
k3
− 2
3
δ − c2δ2, 1 + c1
k3
+
2
3
δ + c2δ
2
]
.
 
 ) μ¯j+l = 1 + 1/(k + l − 1), l = 0, 1, 2,    Φj+1(μ¯)" 
 	   ?
ϕ(μ¯
1/2
j+1) =ϕ
((
1 +
1
k
)1/2)
= ϕ(1) + ϕ′(1)
((
1 +
1
k
)1/2
− 1
)
2.
%# 1	 
 	 	
+
ϕ′′(1)
2
((
1 +
1
k
)1/2 − 1)2 + ϕ′′′(ξ)
6
((
1 +
1
k
)1/2 − 1)3
  
x1/2 − 1 = 1
2
(x− 1)− 1
8
(x− 1)2 +O((x− 1)3) 2"4 

ϕ
(
μ¯
1/2
j+1
)
=
1
2
+
1
6k
− 1
16k2
+O
( 1
k3
)
.
E  
ϕ
(
μ¯
−1/2
j+1
)
= ϕ
((
1− 1
k + 1
)1/2)
=
1
2
− 1
6(k + 1)
− 1
16(k + 1)2
+O
( 1
k3
)
.

ϕ
(
μ¯
−1/2
j
)
+ ϕ
(
μ¯
1/2
j+1
)
= 1− 1
8k2
+O
( 1
k3
)

ϕ
(
μ¯
−1/2
j+1
)
+ ϕ
(
μ¯
1/2
j+2
)
= 1− 1
8(k + 1)2
+O
( 1
k3
)
.
'-
Φj+1(μ¯) =
(
1− 1
8k2
+O
( 1
k3
))(
1 +
1
8(k + 1)2
+O
( 1
k3
))
= 1 +O
( 1
k3
)
.
!	   	 μ    μj+l ∈ [μ¯j+l − δ, μ¯j+l + δ], l = 0, 1, 2, - )
  ϕ′(1) = 1/3,   	 ϕ′′    ? 2"4 
     	 Φj+1(μ)    "
$  >    	 + 2"1 -   
Ψj+1(μ) ∈ [1 + 1
k
− c1
k3
− 2
3
δ − c2δ2, 1 + 1
k
+
c1
k3
+
2
3
δ + c2δ
2] 2"2 
-   c1, c2   A    	 + 2"1"
)  + 2"1 δ = c0/k, c0 > 0,  Ψj+1(μ) ∈ [1+1/k−δ, 1+1/k+δ] 	
c1/k
2+ c2c
2
0/k  c0/3 	 c1, c2  2"2 "   	  c0 > 0  	 k  k0
-  @? k0 ) 	   	 c0" (   	 	 + 2"1
-  	   	 μj+1 = Ψj+1(μ)  
1− ϕ(μ−1/2j )− ϕ(μ1/2j+1)
ϕ(μ
−1/2
j ) + ϕ(μ
1/2
j+1)
= O
( 1
k2
)
+O(δ)
 )   f ′j = 2kh,
mj − f ′j = 2kh(O
( 1
k2
)
+O(δ)) = O(h). 2"/ 
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%# 1	 
 	 	
!      	 mj − f ′j 	 j = i, . . . , i+ k0 − 1" (
	 f ′j = 2kh, j = i+k,   H     	 μj 	 -
 	        h 	 @  	
 k"    -    mi−1 = mi+1 
	 n   i = n/2   μi = μi+1"  > 2"5    
μi = 3
ϕ(μ
−1/2
i ) + ϕ(μ
1/2
i )
ϕ(μ
−1/2
i ) + ϕ(μ
1/2
i+2)
. 2"7 
    μi → ∞.  ϕ(μ1/2i ) ∼ (log μi)/2, μ−1i → 0 
ϕ(μ
−1/2
i ) ∼ μ−1/2i → 0     > ∼    > 	
         1 " !  >
2"7   	
μi(ϕ(μ
−1/2
i ) + ϕ(μ
1/2
i+2)) = 3(ϕ(μ
−1/2
i ) + ϕ(μ
1/2
i )) 2"8 
    	 2"8   3(log μi)/2   	    
  μ
1/2
i -   "   μi → 0"  ϕ(μ1/2i ) → 0,
μ
−1/2
i → ∞      	 2"8  	  3(log μ−1i )/2 -   	
         μiϕ(μ
1/2
i+2)"    μi+2 → ∞
 ϕ(μ
−1/2
i )/ϕ(μ
1/2
i+2) ∼ 2μi/3 → 0"    	 2"5 	 j = i + 1

μi+2
(
ϕ(μ
−1/2
i+2 ) + ϕ(μ
1/2
i+3)
)
= 2
(
ϕ(μ
−1/2
i ) + ϕ(μ
1/2
i+2)
)
-       	  log μi+2   	 -    μ
1/2
i+2
-  "
   	 	  	 μi  μi+1 " !   
    - A 	  &    
  -  "
E     mi − f ′i = O(h) 	   	
f(x) = x2 sgnx, x ∈ [−1, 1].
+   - L    "
 	 f(x) = x3, x ∈ [−1, 1]  δj > 0 	  j   3
" % 	  	 n   i = n/2 -  δi/h = h
2/2 
δi+k/h = h
2(6k2 + 1)/2, k  1,  
δi+k
δi+k−1
= 1 +
2
k
+O
( 1
k2
)
. 2"6 
  n   i = (n − 1)/2 -  xi = −h/2, xi+1 = h/2 δi/h = δi+1/h
= 5h2/4, δi+k+1/h = (3(2k + 1)
2/4 + 1/2)h2   2"6 "  
	 + 2"1    	   Φj+1(μ) )  	 - 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	 	
μj+l ∈ [1 + 2/(k + l − 1) − δ, 1 + 2/(k + l − 1) + δ], l = 0, 1, 2, -   
) μ¯j+l = 1 + 2/(k + l − 1)   	" 
ϕ(μ¯
−1/2
j ) + ϕ(μ¯
1/2
j+1) = 1−
1
6k2
+O
( 1
k2
)
     	 	 + 2"1  " )  
2"6 -    Ψj+1(μ) ∈ [1+2/k−δ, 1+2/k+δ] 	  >
(
1 +
c1
k3
+
2
3
δ + c2δ
2
)(
1 +
2
k
+
c3
k2
)
 1 + 2
k
+ δ
 c3 L 2"6  "    - δ = c0/k
2
- c0  H
  k  k0 	  @? k0" '- δj/h = 3k2h2 + h2f ′′′j /12   	
2". - 
mj − f ′j =f ′j
1− ϕ
((mj−1
mj
)1/2)
− ϕ
((mj+1
mj
)1/2
)
ϕ
((mj−1
mj
)1/2)
+ ϕ
((mj+1
mj
)1/2)
+
h2
12
f ′′′j
ϕ
((mj−1
mj
)1/2)
+ ϕ
((mj+1
mj
)1/2) ,
 2"/   
mj − f ′j = 3k2h2
(
O
( 1
k2
)
+O(δ)
)
+O(h2) = O(h2). 2"10 
  	 μj 	 @  	 j    ? 
   > -  mj − f ′j = O(h2) 	  	
f(x) = x3, x ∈ [−1, 1].
'?   	 f(x) = x2, x ∈ [−1, 1],  	  
[−1, 1]"   n  -  xi = 0, i = n/2,  zi = zi+1,  δi = 0. E 
 δj < 0, j = 0, . . . , i−1,  δj > 0, j = i+1, . . . , n. (   
    [xi−1, xi]  [xi, xi+1] >    
" (    -)  	     	 >
    @  -  [xi−1, xi]    "
  n    0    	   [xi, xi+1] - i = (n− 1)/2"
 δj < 0 j = 0, . . . , i,  δj > 0, j = i + 1, . . . , n.   
)   [xi, xi+1]   >    " : -
  -)  	 " !      @  	 
>     	 [xi, xi+1]   " 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	 	
> 	   .".0  4"4  4"/     xi−1, xi, xi+1
 -
mi−1
(
ϕ
((mi−2
mi−1
)1/2)
+ ϕ
(( mi
mi−1
)1/2))
=
1
h
δi−1 = f ′i−1, 2"11 
miϕ
((mi−1
mi
)1/2)
+
1
3
mi +
1
6
mi+1 =
1
h
δi = f
′
i , 2"1. 
1
6
mi +
1
3
mi+1 +mi+1ϕ
((mi+2
mi+1
)1/2)
=
1
h
δi+1 = f
′
i+1. 2"15 
$ -    mj − f ′j 	 j = i − 1, i, i + 1, 	 j < i − 1 
j > i + 1     	 f(x) = x2 sgnx    -
   	 μi = mi−1/mi  μi+2 = mi+2/mi+1" E   	
n   2"11 f ′i−1 = −2h  2"1. f ′i = 0  2"15 f ′i+1 = 2h 	 n 
f ′i−1 = −3h fi = −h fi+1 = h.
 mi−1/mi → ∞.      c1  mi/h  c2 - 
c1, c2 < 0.  2"1.  h -   mi+1/h → ∞.  2"15 
 h   "   mi/h → −∞"  2"1.  mi
-   mi+1/mi → −∞.  2"15   mi    3
"   mi/h → 0, - mi < 0.  h/mi → −∞ 
|h/mi| → ∞.    n   f ′i = 0 "  2"1.  mi 
mi+1/mi → −∞ -   ϕ((mi−1/mi)1/2) ∼ |mi+1/mi|/6 
mi−1
mi
∼ e
1
3
∣∣∣mi+1mi
∣∣∣
. 2"14 
 2"11  mi - (mi−1
mi
)1/2
+
mi−1
mi
ϕ
((mi−2
mi−1
)1/2) ∼ 2∣∣∣ h
mi
∣∣∣
   2"14 
e
1
6
∣∣mi+1
mi
∣∣
+ e
1
3
∣∣mi+1
mi
∣∣
ϕ
((mi−2
mi−1
)1/2)
∼ 2
∣∣∣ h
mi
∣∣∣. 2"12 
 2"15  mi 
1
3
∣∣∣mi+1
mi
∣∣∣+ ∣∣∣mi+1
mi
∣∣∣ϕ((mi+2
mi+1
)1/2) ∼ 2∣∣∣ h
mi
∣∣∣.
  	 mi+2/mi+1   |mi+1/mi|  2|h/mi|   
   	   	 2"12     	 |mi+1/mi| - 
2/
%# 1	 
 	 	
" !      mi+2/mi+1 → ∞.   3
 	 2"11   xi+2  mi+1 
mi+2
mi+1
(
ϕ
((mi+1
mi+2
)1/2)
+ ϕ
((mi+3
mi+2
)1/2)) ∼ h
mi+1
2"1/ 
-    h/mi+1 → ∞  mi+1/mi+2 → 0.  2"15 3
  mi+1   h/mi+1    	 log(mi+2/mi+1) -  
 - 2"1/ "  -   	 n "  2"1.  mi
- 
ϕ
((mi−1
mi
)1/2)
+
1
3
=
1
6
∣∣∣mi+1
mi
∣∣∣+ ∣∣∣ h
mi
∣∣∣.
  ϕ((mi−1/mi)1/2) ∼ |mi+1/mi|  >   	 
 -           	 n " !	
ϕ((mi−1/mi)1/2) ∼ |h/mi|   2"11  mi - 
mi−1
mi
ϕ
((mi−2
mi−1
)1/2)
+
mi−1
mi
ϕ
(( mi
mi−1
)1/2)
= 3
∣∣∣ h
mi
∣∣∣.
:      	  log(mi−1/mi) -  	    	
   (mi−1/mi)1/2 -   "    	 	
  	 mi−1/mi 	 "
 ?  mi−1/mi → 0,  mi/mi−1 → ∞.  2"11  mi−1
- 
ϕ
((mi−2
mi−1
)1/2)
+ ϕ
(( mi
mi−1
)1/2)
= l
∣∣∣ h
mi−1
∣∣∣
- l = 2  l = 3   n     "   
|h/mi−1| → ∞. !	 ϕ
((
mi−2/mi−1
)1/2)
 	  |h/mi−1| 
mi
mi−1
∼ ek
∣∣ h
mi−1
∣∣
2"17 
-   k   ∼    >  -3  "
 2"1.  mi−1 -  
mi+1
mi−1
/
mi
mi−1
→ −2. 2"18 
 2"15  mi−1 
1
6
mi
mi−1
+
(1
3
+ ϕ
((mi+2
mi+1
)1/2))mi+2
mi−1
= −l
∣∣∣ h
mi−1
∣∣∣
- l = 1  l = 2        2"18  2"17 " !	
ϕ((mi−2/mi−1)1/2)  	  |h/mi−1| 
mi−2
mi−1
∼ ek
∣∣ h
mi−1
∣∣
. 2"16 
27
15
%  * 
'-   	 2"11     xi−2   mi−1

mi−2
mi−1
ϕ
((mi−3
mi−2
)1/2)
+
(mi−2
mi−1
)1/2 ∼ ∣∣∣ h
mi−1
∣∣∣
-      2"16     	 	  	
mi−1/mi 	 -    "
$   xj    	      > 	 -
 mj       	   -  
 -    mj − f ′j = O(h) 	  j )    	
	 f(x) = x2 sgnx.
 	 f(x) = |x|3, x ∈ [−1, 1],    &  3
 	  	 -  	" : -   
mj − f ′j = O(h2).
       	-)    "
  -    	 μj 	 @  	  j = i, . . . , i+ k0
 	 j < i  -  @? k0    2"/  2"10 "   j > i + k0
 j < i − k0 -  ( D (- @?     -   
  B1/ 18 17C    2"2      
	 	 f(x) = x3.
:- -     μj+1 = μi+k0  "" - )  	 
 mj = f
′
j + α1, mj+1 − f ′j+1 = α2, |α1|  ch, |α2|  ch, c = 
μj+1 = mj+1/mj = 1 + 1/k0 + δ, |δ|  c0/k0.       
2"/  -)  - 	 -  2"10 " $    -   
 μn+1 = 1+2/n  μn+1 = 1+1/n 	   f(x) = x
2
 f(x) = x3,
"
  
!" 	
!  2"1 -    mi−f ′i = O(hα), 0 < α  2, 
  	 	 f  " !   - - -  
  ‖S′ − f ′‖∞ = O(hα). E      
‖S − f‖∞ = O(h1+α).
  ."14      [xi−1, xi]
S′(x) =
mi−1(
1 +
x− xi−1
h
((mi−1
m1
)1/2 − 1))2 2".0 
   >  [xi−1, xi] 	 4"1 	-
S′(x) = (1− t)mi−1 + tmi, 2".1 
28
%  * 
      	  S′. % 
 -   2".0  2"1 
S′(x)− f ′(x) = S′(x)− f ′j−1 + f ′j−1 − f ′(x) 2".. 
=
1
h
δi−1(
1 +
x− xi−1
h
((mi−1
mi
)1/2 − 1))2(ϕ((mi−2
mi−1
)1/2)
+ ϕ
(( mi
mi−1
)1/2))
− f ′i−1 +O(h).
!   	 	 f(x) = x2  f(x) = x2 sgnx   δi−1/h = f ′i−1
 2"..  S′(x) − f ′(x) = O(h)  f ′j+1 = 2kh, j = n/2 + k 
j + 1 = (n − 1)/2 + k  j  n/2  μj+1 = 1 + O(1/k). '   )
-     	 μj.    -)  -    	
	 f(x) = x3  f(x) = |x|3 	 k  k0, k0 @?  	 f ′j+1 = 3k2h2
 f ′i−1 − f(x) = O(h2)   f ′′(x) = O(h), 0  x  xn/2+k0 .  - 
S′(x)− f ′(x) = O(h2)"   k > k0,   ?
S′(x)− f ′(x) =mi−1 − f ′i−1 + (x− xi−1)(S′′i−1 − f ′′i−1) 2".5 
+
(x− xi−1)2
2
(S′′′ − f ′′′)(ξ).
+  - -   S′′i−1 − f ′′i−1 = O(h).   2".0 	-
S′′i−1 = −
2mi−1
h
((mi−1
mi
)1/2 − 1).
! - -  i  n/2 + k0 μi = mi/mi−1 = 1 + 2/k + O(1/k2), 
(mi−1/mi)1/2 − 1 = −1/k +O(1/k2) "" B17C  f ′i−1 = 3k2h2  -  
 mi−1 = f ′i−1 +O(h
2)
S′′i−1 =
−2(3k2h2 +O(h2))
h
(
−1
k
+O
( 1
k2
))
= 6kh+O(h).
'-  f ′′i−1 = 6kh, -  S
′′
i−1 − f ′′i−1 = O(h). !  2".0 
S′′′(x) =
6mi−1
1
h2
((mi−1
mi
)1/2 − 1)2(
1 +
x− xi−1
h
((mi−1
mi
)1/2
− 1
))4
   (mi−1/mi)1/2 − 1 = −1/k + O(1/k2), mi−1 = 3k2h2 +O(h2), -
  	  	 S′′′  	 2".5 S′(x)− f ′(x) = O(h2) 	
k > k0, " %  >  2".1 
S′(x)− f ′(x) = (1− t)(mi−1 − f ′i−1) + t(mi − f ′i) + (1− t)f ′i−1 + tf ′i − f ′(x)
26
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  * 
 	   >  	- 	 - )     	 
      	 f "
!  >  -      G  
     	  2"1" +    3
 " !	    ci  	 f
′
     -
      	 f(x) = x2 sgnx  f(x) = x3"   2"5 
δj+1/δj = 1 + l/k + O(1/k
2) -   l -   	" 
 	 	      	    
	  	  " !	 f ′       ci - 	-  	
	   	 f(x) = x2  f(x) = |x|3    	 
  )  " E    	-#
2 3 3 9   
	 f   2	 , 
 	 ci 	 [a, b]
  f ′(ci) = 0 
lim
x→ci
x<ci
f ′(x)
|x− ci|αi1 = γi1 = 0, limx→cix>ci
f ′(x)
|x− ci|αi2 = γi2 = 0.
: α = min imin{αi1, αi2, 2} @  ,  f ′ ∈ :	 α 	
 0 < α  1
 f ′′ ∈ :	 (α − 1) 	
 1 < α  2.   ,	 		 	 S
	 	   ,  ,	2 , $  	 
	
, ,  [a, b]  *  ‖S − f‖∞ = O(h1+α)  	
‖S′ − f ′‖∞ = O(hα)
#% 3 3 @ 
,  *   	   
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, , "
	 	 *	   , <  	   
  , 	
0 < q1  hj/hi  q2 
 |i − j| = 1  q1, q2    
 	  
  
,  	 ci     9	 $  	
2	 , 
 	*   	 ci  	
,	   
 $    
  	* 	, A*$   	 ci
  	  
 *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 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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 

+ xi       [a, b]   a = x0 < x1 < . . . < xn = b
  zi i = 1, . . . , n       
[xi−1, xi],      	 	   " !  
   n  2" '- -   ) ξi i = 1, . . . , n,  
ξ1 = x0, x1 < ξ2 < x2, . . . , xi−1 < ξi < xi, . . . , xn−2 < ξn−1 < xn−1, ξn = xn. E
-    C2  	 S  [a, b]   	
S(x) = ai + bi(x− xi) + ci
1 + di(x− xi) /"1 
- 1+di(x−xi) > 0 	 x ∈ [ξi, ξi+1] ""  >=   3
	   D  .". " !  - 
  
S′′(x0) = α, S′′(xn) = β /". 

S′(x0) = α, S′(xn) = β /"5 

S(x0) = α, S(xn) = β /"4 
	  α  β" :- 	 ?   	 /".  
	 /"5  A  x0  xn       
	     "
$   	 /"1 -    
S′′(x) =
2cid
2
i
(1 + di(x− xi))3 /"2 
/1
16
) 	 
  	
       [ξi, ξi+1]  >  
-  [a, b]   	  S   ?    
"
    
 	 	

	
2  3 3     	 	 
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		 
  		 )  )  )
 
 +   - A >=  	  C2 S1  S2
- 	       " ∫ xi
xi−1
(S1(x)− S2(x))dx = 0, i = 1, . . . , n,
    ηi ∈ (xi−1, xi)   S1(ηi) = S2(ηi), i = 1, . . . , n.
 g = S1 − S2" E   	- #
1 !	 -    /"4   	 g  n+2 A G
a, η1, . . . , ηn, b  [a, b]"   	 g
′
 n+1  g′′  n A G
 (a, b)"
. !	 -    /"5  	  )-   	
g  n A G η1, . . . , ηn  (a, b) -    	 g
′
 n−1 G
 (a, b)  .  G 	  " 	  	
g′′  n G  (a, b)"
5     /".  	  	   	 g′′ 
n− 2 A G  (a, b) -    g′′  n G  [a, b]"
 -      [ξi, ξi+1] -   - A G
	 g′′"   /"2 - 
g′′(x) =
2c1id
2
1i
(1 + d1i(x− xi))3 −
2c2id
2
2i
(1 + d2i(x− xi))3 .
!	 "" c1id
2
1i = 0  S
′′
1 (x) = 0 	  x ∈ [ξi, ξi+1]  g′′(x) = 0 	 
x ∈ [ξi, ξi+1]    S′′2 (x) = 0 	  x ∈ [ξi, ξi+1]   g′′(x) = 0 	
 x ∈ [ξi, ξi+1].  ?   c1id21i = 0  c2id22i = 0"  g′′(x) = 0
	   	
c1id
2
1i
(1 + d1i(x− xi))3 =
c2id
2
2i
(1 + d2i(x− xi))3
 (1 + d1i(x− xi)
1 + d2i(x− xi)
)3
=
c1id
2
1i
c2id22i
/.
) !	 
  	

1 + d1i(x− xi)
1 + d2i(x− xi) =
(c1id21i
c2id22i
)1/3
. /"/ 
> /"/     	  x ∈ [ξi, ξi+1]     " $
   [ξi, ξi+1]  	 g
′′
 - A G 	 /"/ 
 	  x ∈ [ξi, ξi+1]"    ξi  ξi+1  	 S′′1 
S′′2  >" '- -      [a, ξi]  [ξi+1, b]"  
-   g′′(x) = 0 	  x ∈ [a, b]"    g    @ 
" $ n  2   
∫ xi
xi−1 g(x)dx = 0   
g(x) = 0 	  x ∈ [a, b] -   	"
  		
 
 	 	

	
!   - - - ) 	  - -  	 S" E 3
  S @ .".   - >   C2 	 S" + 
 Mi = S
′′(ξi) i = 1, . . . , n,  εi = xi − ξi, ηi = ξi+1 − xi 
ε1 = h1, δ1 = h1 + η1, ηn−1 = hn, δn−1 = εn−1 + hn  δi = εi + ηi = ξi+1 − ξi
i = 1, . . . , n− 1,  hi = ηi−1 + εi = xi − xi−1 i = 1, . . . , n"
E   S′′      -  [a, b]" 	
-    Mi > 0  di = 0, i = 1, . . . , n. + -   
)    Mi = 0     di = 0.
  /"1 -  
S′(x) = bi +
−cidi
(1 + di(x− xi))2 , x ∈ [ξi, ξi+1],
 S′′(x)    /"2 " 
Mi = S
′′(ξi) =
2cid
2
i
(1− diεi)3

Mi+1 = S
′′(ξi+1) =
2cid
2
i
(1 + diηi)3
. /"7 
   -  (Mi+1
Mi
)1/3
=
1− diεi
1 + diηi

di =
M
1/3
i −M1/3i+1
εiM
1/3
i + ηiM
1/3
i+1
/"8 

di =
1− μi
εi + ηiμi
, μi =
(Mi+1
Mi
)1/3
.
/5
) !	 
  	

λi =
∫ xi
ξi
S(x)dx, ρi =
∫ ξi+1
xi
S(x)dx, i = 1, . . . , n− 1.
    .". - 
ρi−1 + λi = hizi, i = 1, . . . , n,
 λ1 = h1z1  ρn−1 = hnzn - ρ0 = 0 λn = 0 	 "  
/"1 	-
λi = aiεi − bi
2
ε2i −
ci
di
log(1− diεi) /"6 

ρi = aiηi +
bi
2
η2i +
ci
di
log(1 + diηi). /"10 
'- -   αi = 1 − diεi  βi = 1 + diηi i = 1, . . . , n 
αi = μiβi" E   αi = μiδi/(εi + ηiμi) > 0  βi = δi/(εi + ηiμi) > 0
 μi > 0. (   -   νi = (Mi−1/Mi)1/3 
"" di = (νi+1 − 1)/(εiνi+1 + ηi).
  > /"6  /"10 -   ai
ρi
ηi
− λi
εi
=
bi
2
(ηi + εi) +
ci
di
(
1
ηi
log βi +
1
εi
log αi). /"11 
  /"7 - 
ci
di
=
(1 + diηi)
3Mi+1
2d3i
  1 + diηi = βi   	 γi = ci/di
γi =
β3i
2d3i
Mi+1 =
δ3i
2(1 − μi)3Mi+1 =
δ3iMiMi+1
2
(
M
1/3
i −M1/3i+1
)3 . /"1. 
  /"11 -  
bi =
2
δi
(ρi
ηi
− λi
εi
− γi
( 1
ηi
log βi +
1
εi
log αi
))
/"15 
  	 /"6 
ai =
1
δi
(ηi
εi
λi +
εi
ηi
ρi + γi
(ηi
εi
log αi − εi
ηi
log βi
))
. /"14 
  /"8  /"1.  /"15  /"14 -     S  Mi
Mi+1 λi ρi      	   - )  di
  /"8  	 x ∈ [ξi, ξi+1] 
S(x) =
1
δi
(ηi
εi
λi +
εi
ηi
ρi + γi
(ηi
εi
logαi − εi
ηi
log βi
))
/"12 
+
2
δi
(ρi
ηi
− λi
εi
− γi
( 1
ηi
log βi +
1
εi
log αi
))
(x− xi) + γidi
1 + di(x− xi) .
/4
)  		 		
  
		 
	

E   	 S   Mi -    	 S
′′
" E 
   	 S  S′  ) ξi, i = 2, . . . , n− 1,   - -
S(ξi − 0) = S(ξi + 0), i = 2, . . . , n− 1, /"1/ 

S′(ξi − 0) = S′(ξi + 0), i = 2, . . . , n− 1. /"17 
  /"12 
S(ξi + 0) =
1
δi
((
2 +
ηi
εi
)
λi − εi
ηi
ρi + γi
((
2 +
ηi
εi
log αi +
εi
ηi
log βi
))
+
γidi
αi

S(ξi+1 − 0) = 1
δi
(
−ηi
εi
λi +
(
2 +
εi
ηi
)
ρi + γi
(
−ηi
εi
logαi −
(
2 +
εi
ηi
)
log βi
))
+
γidi
βi
.
( 	 /"1/ - 
− 1
δi−1
ηi−1
εi−1
λi−1 +
1
δi−1
(
2 +
εi−1
ηi−1
)
ρi−1 − 1
δi
(
2 +
ηi
εi
)
λi +
εi
δiηi
ρi
=
1
δi−1
γi−1
(ηi−1
εi−1
log αi−1 +
(
2 +
εi−1
ηi−1
)
log βi−1
)
/"18 
+
1
δi
γi
((
2 +
ηi
εi
)
logαi +
εi
ηi
log βi
)
− γi−1di−1
βi−1
+
γidi
αi
, i = 2, . . . , n− 1.
  	 /"12 
S′(x) =
2
δi
(ρi
ηi
− λi
εi
−γi
( 1
ηi
log βi+
1
εi
log αi
))
− γidi
(1 + di(x− xi))2 , x ∈ [ξi, ξi+1].
  
S′(ξi + 0) =
2
δi
(ρi
ηi
− λi
εi
− γi
( 1
ηi
log βi +
1
εi
log αi
))
− γid
2
i
α2i

S′(ξi+1 − 0) = 2
δi
(ρi
ηi
− λi
εi
− γi
( 1
ηi
log βi +
1
εi
logαi
))
− γid
2
i
β2i
.
E > /"17   -   >
− 1
δi−1εi−1
λi−1 +
1
δi−1ηi−1
ρi−1 +
1
δiεi
λi − 1
δiηi
ρi
=
1
δi−1
γi−1
( 1
εi−1
logαi−1 +
1
ηi−1
log βi−1
)
/"16 
− 1
δi
γi
( 1
εi
log αi +
1
ηi
log βi
)
+
γi−1d2i−1
2β2i−1
− γid
2
i
2α2i
, i = 2, . . . , n− 1.
/2
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)% B	 	
  * 	

+  -      	
ρi−1 + λi − hizi = 0, i = 1, . . . , n. /".0 
E 	   &  > /"18 D/".0   (6.18, i)D(6.20, i)"
 -   > (6.18, i − 1) (6.20, i − 1) (6.19, i − 1)
(6.18, i) (6.20, i) (6.19, i) (6.18, i + 1) (6.20, i + 1) (6.19, i + 1)" $ 
          	 -   
	 9  > -   8 )- λi−2 ρi−2 λi−1 ρi−1 λi ρi λi+1
ρi+1    	  ?    "    
   	  > -  H 	 λj, ρj 
j = i− 2, . . . , i+ 1,  >  G" E     -
 H  	-#
(6.18, i − 1) hi + hi+1
hi−1
ηi−2
(6.20, i − 1) −hi + hi+1
hi−1
(6.19, i − 1) −hi + hi+1
hi−1
η2i−2
(6.18, i)
(hi + hi+1)εi − ηi−1(hi−1 + hi)
hi
(6.20, i)
hi−1 + 2hi + hi+1
hi
(6.19, i) −η
2
i−1(hi−1 + hi)− (hi−1hi + ηi−1(hi + εi))(hi + hi+1)
hi
(6.18, i + 1) −hi−1 + hi
hi+1
εi+1
(6.20, i + 1) −hi−1 + hi
hi+1
(6.19, i + 1) −hi−1 + hi
hi+1
ε2i+1.
$  	   	     -    
	 Di  
Di = (hi + hi+1)zi−1 − (hi−1 + 2hi + hi+1)zi + (hi−1 + hi)zi+1, i = 2, . . . , n− 1.
E    >  Di > 0 	  i, -   	   ?
	   "
//
)% B	 	
    	     )- Mi−2 Mi−1
Mi Mi+1 Mi+2"     	
Φi(Mi−2,Mi−1,Mi,Mi+1,Mi+2) = Di /".1 
-    >" % 	-       	
 	 Φi.
% (6.18, i − 1)  (6.19, i − 1)  γi−2   /".1 -  	
   -  H 	 γi−2
hi + hi+1
hi−1
(
log βi−2 − ηi−2di−2
βi−2
− 1
2
(ηi−2di−2
βi−2
)2)
.
 σi−2 = εi−2/ηi−2   νi−1 = (Mi−2/Mi−1)1/3  - 
γi−2 =
δ3i−2Mi−2
2(νi−1 − 1)3 ,
βi−2 =
(σi−2 + 1)νi−1
σi−2νi−1 + 1
,
ηi−2di−2
βi−2
=
νi−1 − 1
(σi−2νi−1 + 1)νi−1
,
   
hi + hi+1
hi−1
δ3i−2
2
Mi−2
(νi−1 − 1)3
(
log
(σi−2 + 1)νi−1
σi−2νi−1 + 1
− νi−1 − 1
(σi−2 + 1)νi−1
−1
2
( νi−1 − 1
(σi−2 + 1)νi−1
)2)
.
:   	 	   νi−1  σ = σi−2 + 1 
ϕA(x) =
1
(x− 1)3
(
log
σx
(σ − 1)x+ 1 −
x− 1
σx
− 1
2
(x− 1
σx
)2)
/".. 
-    "   - (6.18, i + 1) 
(6.19, i + 1)  γi+1   
hi−1 + hi
hi+1
δ3i+1
2
Mi+2ϕA(μi+1)
- - μi+1 = (Mi+2/Mi+1)
1/3, σ = ηi+1/εi+1 + 1.   γi−1  
 (6.18, i − 1) (6.19, i − 1) (6.18, i)  (6.19, i)"      
 > /".1     	 γi−1 -  
hi + hi+1
hi−1
(
− logαi−1 + ηi−2di−1
αi−1
+
1
2
(ηi−2di−1
αi−1
)2)
/7
)) B	 	  	
, ,
−hi−1 + 2hi + hi+1
hi
(
log βi−1 − ηi−1di−1
βi−1
− 1
2
(ηi−1di−1
βi−1
)2)
−(hi + hi+1)di−1
βi−1
− (hi + hi+1)(2ηi−1 + hi−1)
d2i−1
2β2i−1
.
    - - γi   -   /".5  
  	 ϕB .
       >   -  3
  - 	-      	 	   3
 	  	  )" '  - 
    "
  * 	
 
 
 
+     - hi = h, i = 1, . . . , n, -   )
ξi = (xi−1 + xi)/2, i = 2, . . . , n − 1.  ε1 = h, εi = h/2, i = 2, . . . , n − 1,
ηi = h/2, i = 2, . . . , n − 1, ηn−1 = h, δ1 = δn−1 = (3/2)h, δi = h, i = 2, . . . , n− 2.
E  εi/ηi = 1  σ = 2.   > /".1 )  	
Mi−2ϕA
((Mi−2
Mi−1
)1/3)
+Mi−1ϕB
((Mi−1
Mi
)1/3)
+Mi+1ϕB
((Mi+1
Mi
)1/3)
+Mi+2ϕA
((Mi+2
Mi+1
)1/3)
= Di /".5 
-
ϕA(x) =
1
(x− 1)3
(
log
2x
x+ 1
− 1
2
x− 1
x
− 1
8
(x− 1
x
)2)
, /".4 
ϕB(x) =
1
(x− 1)3
(
log
x+ 1
2
− 2 log 2x
x+ 1
+
1
2
(x− 1) + 1
8
(x− 1)2 − 3
4
(x− 1
x
)2)
=
1
(x− 1)3
(
log
2x
x+ 1
− 1
2
x− 1
x
+
1
8
(x− 1)2(x2 − 6)
x2
)
/".2 
-   Di = (2zi−1 − 4zi + 2zi+1)/h2, i = 2, . . . , n− 1.
+       	  	 /".4  /".2 
 	-
/  3 3 " 
#limx→1ϕA(x) = 1/24$ limx→1 ϕB(x) = 23/24,
ϕA(x) > 0, ϕ
′
A(x) < 0, ϕ
′′
A(x) > 0, 
 x > 0,  , 	  ϕB ,
/8
)3 B 	
ϕA(x) + xϕ
′
A(x)/3 > 0, ϕB(x) + xϕ
′
B(x)/3 > 0 
 x > 0,
ϕB(x)  3/(4x2) 
 x  1, ϕB(x)  0.393 
 x  3.
 	   >      	 + ."1 
    	  "
     /"..     ϕA(1) = 1/(3σ
3),
ϕ′A(1) = −(4σ − 1)/(4σ4), ϕ′′A(1) = 2(10σ2 − 5σ + 1)/(5σ5).
 # *
 	

'   	   [a, b]   A   
> /".1 " E G    	   a   	
b  "  7 > (6.20, 1) (6.18, 2) (6.19, 2) (6.20, 2) (6.18, 3)
(6.19, 3) (6.20, 3)   -   6 )- λ1 ρ1 λ2 ρ2 λ3 ρ3
 -       " $  
H        	 -   	 i = 2"
  A    	 (6.18, 1)  (6.19, 1)" ! 	 /".1 -

Φ2(M1,M2,M3,M4) = D2. /"./ 
 - -  	  	 )"   > /".5 
 
M1ϕC
((M1
M2
)1/3)
+M3ϕB
((M3
M2
)1/3)
+M4ϕA
((M4
M3
)1/3)
= D2 /".7 
-
ϕC(x) = − 27
8(x− 1)3
(
log
27x2
(2x+ 1)3
+
1
3
(x− 1
x
)2)
,
- -  D2.
  .  5 	 + /"1 )   - 	 ϕC  - 
limx→1 ϕc(x) = 1.
+  G -   "
 /"5 @?   M1  Mn"  -  	 n− 2 )-
M2, . . . ,Mn−1  > > 	 >  /"./ -  
 Dn−1  /".1 	 i = 3, . . . , n− 2.
$  /"4  /"2 M1  Mn   )-"  - 
-  >      Mi.
 @ S(a) = α" E   S(ξ1 + 0)  - 
δ1 + h1
δ1ε1
(λ1 + γ1 log α1) +
h1
δ1η1
(−ρ1 + γ1 log β1) + γ1d1
α1
= α. /".8 
/6
18
)3 B 	
 -  - ) (6.20, 1) -     λ1  (6.18, 2)
(6.19, 2) (6.20, 2)"  5 >   -   4  λ1
ρ1 λ2 ρ2" $      >
(h1 + h2)α− (2h1 + h2)z1 + h1z2
=
2h1 + h2
h1
γ1 log α1 +
h1
h2
γ1 log β1 − h1
h2
γ2 logα2
+ (h1 + h2)
γ1d1
α1
− ε2h1
h2
(
−γ1d1
β1
+
γ2d2
α2
+ ε2
γ1d
2
1
2β21
− ε2 γ2d
2
2
2α22
)
 )- M1 M2 M3"
!   	 	   > )  	
M2ϕD
((M2
M1
)1/3)
+M3ϕE
((M3
M2
)1/3)
= D1 /".6 
-
ϕD(x) =
27
16
1
(1− x)3 log
81x3
(2 + x)4
+
3
32
x2 + 5x+ 24
x(1− x)2 ,
ϕE(x) = − 1
2(1− x)3 log
2x
1 + x
+
1− 5x
16x2(1− x)2,
D1 =
1
h2
(2α− 3z1 + z2).
'- -  limx→1 ϕD(x) = 1/48  limx→1 ϕE(x) = 31/48.
'?    S′(a) = α.   	 /".8 - 
− 2
δ1ε1
(λ1 + γ1 logα1) +
2
δ1η1
(−ρ1 + γ1 log β1)− γ1d
2
1
α21
= α
  - (6.20, 1) (6.18, 2) (6.19, 2) (6.20, 2)    
z2 − z1 − (h1 + h2)α
2
=
1
ε1
γ1 log α1 +
1
h2
γ1 log β1 − 1
h2
γ2 logα2
+(h1 + h2)
γ1d
2
1
2α21
+
ε2
h2
(γ1d1
β1
− ε2 γ1d
2
1
2β21
− γ2d2
α2
+ ε2
γ2d
2
2
2α22
)
.
'    	 S(a) = α     
(h1+h2)α−(2h1+h2)z1+h1z2 > 0  	 S′(a) = α  2(z2−z1)−(h1+h2)α > 0.
:- 	 S′′(a) = α     > α > 0.
!   	 	   > 
M2ϕF
((M2
M1
)1/3)
+M3ϕE
((M3
M2
)1/3)
= D1 /"50 
70
)- &'	 
  	
-   
ϕF (x) =
27
16
1
(1− x)3 log
9x
(2 + x)2
+
3
32
x3 + 5x2 − 8x+ 8
x2(1− x)2 ,
D1 =
1
h2
(z2 − z1 − hα).
E  limx→1 ϕF (x) = 47/48"   .  5 	 + /"1 ) 
	 ϕD ϕE  ϕF "
 + 	 
 	 	

	
 >=      	   λi ρi
 Mi  )-"   	  > /"18  /"16  /".0 
 	   >"  	  ? 	    
  H    	   >   
   λi, ρi   "
   	  >      >   
> 	  " +       
  λi ρi.
  > /"18  /"16 "   (6.18) + εi(6.19)
 ρi   (6.18) − ηi−1(6.19)  λi−1  - 
 >
− hi
δi−1εi−1
λi−1 +
δi−1 + hi
δi−1ηi−1
ρi−1 − 1
εi
λi = pi, /"51 
1
ηi−1
ρi−1 − hi + δi
δiεi
λi +
hi
δiηi
ρi = qi /"5. 
-  )-    pi  qi. E )  > (6.32, 2)
(6.31, 3), . . . , (6.31, n − 1)   > 	  3  	 3
)-   ρ1 λ2 ρ2, . . . , ρn−2 λn−1. E   @ >  
  (6.18, 2) + ε2(6.19, 2) 	  	
δ1 + h2
δ1η1
ρ1 − 1
ε2
λ2 = p2 /"55 
     (6.18, n − 1)− ηn−2(6.19, n − 1) 	  	
1
ηn−2
ρn−2 − hn−1 + δn−1
δn−1εn−1
λn−1 = qn−1 /"54 
- p2  qn−1   )-  λ1  ρn−1 "
0

  3 3  , )#?)  	 	
71
)- &'	 
  	
 
 E      -   ? 	   
" E   	 /"55  ρ1  /"5. .    H 	 λ2
-  h2(δ1+δ2+h2)/(ε2δ2(δ1+h2)) = 0   H 	 ρ2   "
E   	  >    /"51 5 λ2  H 	 ρ2
-  (δ1 + δ2 + h2 + h3)/(η2(δ1 + δ2 + h2)) = 0"    
-   H 	 λi   	 	  ? 
hi
εiδi
i∑
k=1
δk +
i∑
k=2
hk
i−1∑
k=1
δk +
i∑
k=2
hk
= 0
 	 ρi
1
ηi
i∑
k=1
δk +
i+1∑
k=2
hk
i∑
k=1
δk +
i∑
k=2
hk
= 0
-   	"
+      	  >  	  " 
M = (M1, . . . ,Mn),   > /".5   	 Φi(M) = Di. E 
∂Φi
∂Mi−2
=ϕA
((Mi−2
Mi−1
)1/3)
+
1
3
(Mi−2
Mi−1
)1/3
ϕ′A
((Mi−2
Mi−1
)1/3)
,
∂Φi
∂Mi−2
=ϕB
((Mi−1
Mi
)1/3)
+
1
3
(Mi−1
Mi
)1/3
ϕ′B
((Mi−1
Mi
)1/3)
− 1
3
(Mi−2
Mi−1
)4/3
ϕ′A
((Mi−2
Mi−1
)1/3)
,
∂Φi
∂Mi
=− 1
3
(Mi−1
Mi
)4/3
ϕ′B
((Mi−1
Mi
)1/3)− 1
3
(Mi+1
Mi
)4/3
ϕ′B
((Mi+1
Mi
)1/3)
,
∂Φi
∂Mi+1
=ϕB
((Mi+1
Mi
)1/3)
+
1
3
(Mi+1
Mi
)1/3
ϕ′B
((Mi+1
Mi
)1/3)
− 1
3
(Mi+2
Mi+1
)4/3
ϕ′A
((Mi+2
Mi+1
)1/3)
,
∂Φi
∂Mi+2
=ϕA
((Mi+2
Mi+1
)1/3)
+
1
3
(Mi+2
Mi+1
)1/3
ϕ′A
((Mi+2
Mi+1
)1/3)
.
(  + /"1 -   (∂Φi/∂Mj)(M) > 0, j = i− 2, . . . , i + 2.
   	 /".7  /".6  /"50 "     	
Φi     "  -  	  
/"5  Φ(M) = D - Φ(M) = (Φ2(M), . . . ,Φn−1(M))  D = (D2, . . . ,Dn−1).
7.
)- &'	 
  	
  /"4  /"2 Φ  D  -  " E Φ(M) = D 
> 	 M = Ψ(M)  Ψ(M) = M + γ(Φ(M) −D), γ = 0. E
   (3(- @?      @  r  R
  R > r > 0  M ∈ [r,R]n  Ψ(M) ∈ [r,R]n" 
 
) 	 ri  Ri, Ri > ri > 0  Ψ    K =
∏n
i=1 [ri, Ri]
 	"
%  	 Mi = Ri, Ψi(M) = Ri + γ(Φi(M) −Di) > Ri 	 γ > 0 
Φi(M) > Di.   >     "  	 Mi = ri,
Ψi(M) = ri + γ(Φi(M) −Di) < ri 	 γ > 0  Φi(M) < Di" > 
   γ < 0     -   "
E G > /".5      	 3
  " ) M ∈ K   Ψi(M) = Mi + γ(Φi(M) − Di)  Ri 	
  	
max
M∈K
(Mi + γ(Φi(M)−Di))  Ri. /"52 
$ ∂Φi/∂Mj > 0 j = i− 2, . . . , i+ 2,   ∂Ψi/∂Mi > 0 	 H 
| γ|  ∂Ψi/∂Mj < 0 j = i − 2, i − 1, i + 1, i + 2.  /"52  > 
Ψi(ri−2, ri−1, Ri, ri+1, ri+2)  Ri 
ri−2ϕA
((ri−2
ri−1
)1/3)
+ ri−1ϕB
((ri−1
Ri
)1/3)
+ ri+1ϕB
((ri+1
Ri
)1/3)
/"5/ 
+ ri+2ϕA
((ri+2
ri+1
)1/3)
 Di.
    	  M ∈ K  > Ψi(M)  ri  @
	   	
Ri−2ϕA
((Ri−2
Ri−1
)1/3)
+Ri−1ϕB
((Ri−1
ri
)1/3)
+ Ri+1ϕB
((Ri+1
ri
)1/3)
/"57 
+ Ri+2ϕA
((Ri+2
Ri+1
)1/3)
 Di.
!   )    ϕB(x)  3/(4x2) 	 x  1 
limx→0+ x2ϕB(x) = 3/4  xϕB(x)  2/5 	 x  3" (   & 3
  	 ϕB  ϕA(1) = 1/24 -    > /"5/ 
@ 	
1
24
(min{ri−2, ri−1}+min{ri+1, ri+2}) + 3
4
(r
1/3
i−1 + r
1/3
i+1)R
2/3
i  Di /"58 
 /"57  	 "" Ri−1/ri  3 Ri+1/ri  3 
1
24
(max{Ri−2, Ri−1}+max{Ri+1, Ri+2}) + 2
5
r
1/3
i (R
2/3
i−1 +R
2/3
i+1)  Di. /"56 
) ri = r  Ri = R 	  i  > /"58  
1
12
r +
3
2
r1/3R2/3  Di /"40 
75
19
)- &'	 
  	
 /"56 
1
12
R+
4
5
r1/3R2/3  Di. /"41 
$ -    	 /".7  /".6  /"50 "
       	  >   
 "   @ 
0

  33  	 	 *' 	,  	
, , 	 5
	 	 <  		 	 	   '	
 
    > (6.23, i − 1)  (6.23, i)"   
 ? 	   Di−1 > 0 Di > 0" ) "" Di−1 → 0
Di → ∞.   	   	 (6.23, i− 1)     G" $
 	   	 (6.23, i)       @  
> "
1 + Mi−2ϕA((Mi−2/Mi−1)1/3) → ∞"
!	 Mi−2    ϕA((Mi−2/Mi−1)1/3) → ∞  Mi−2/Mi−1 → 0. !
 ϕA((Mi−2/Mi−1)1/3) ∼ (Mi−2/Mi−1)−2/3   ∼ -  
   > 	        
Mi−2ϕA((Mi−2/Mi−1)1/3) ∼ M1/3i−2M2/3i−1 → ∞ -  Mi−1 → ∞. '- 
(6.23, i−1) Mi−2ϕB((Mi−2/Mi−1)1/3) ∼ M1/3i−2M2/3i−1 → ∞ -   "
!	 Mi−2 → ∞  Mi−1    Mi−2ϕA((Mi−2/Mi−1)1/3)
∼ Mi−1 → ∞ " !  Mi−1 → ∞"   (6.23, i − 1)
Mi−2ϕB
((Mi−2
Mi−1
)1/3)
Mi−2
(
Mi−2
Mi−1
)1/3 ∼ M2/3i−2M1/3i−1 → ∞,
-   "
.  Mi−1ϕB((Mi−1/Mi)1/3) → ∞.
!	 Mi−1    ϕB((Mi−1/Mi)1/3) → ∞  Mi−1/Mi → 0 -
ϕB((Mi−1/Mi)1/3) ∼ (Mi−1/Mi)−2/3. (    Mi−1ϕB((Mi−1/Mi)1/3)
∼ M1/3i−1M2/3i → ∞. !  > (6.23, i − 1)   Mi/Mi−1 → ∞, - 
MiϕB((Mi/Mi−1)1/3) ∼ M1/3i−1M2/3i → ∞, "
!	 Mi−1 → ∞  Mi      Mi−1/Mi → ∞ 
Mi−1ϕB((Mi−1/Mi)1/3) ∼ M2/3i−1M1/3i → ∞. ! (6.23, i− 1)   Mi/Mi−1 → 0,
MiϕB((Mi/Mi−1)1/3) ∼ M2/3i−1M1/3i → ∞ -  " !	 Mi → ∞  
(6.23, i − 1) - 
MiϕB
(( Mi
Mi−1
)1/3)
Mi
(
Mi
Mi−1
)1/3 ∼ M1/3i−1M2/3i → ∞,
74
)- &'	 
  	
-  "
 -    (6.23, i)       -"
'    	  	     -    	 Di−1
  Di → ∞.  	  "
 	 >  H  	 ? /"5/  /"57 
  @ 	 -    ? 	 f ∈ C2[a, b] f ′′(x) > 0
	  x ∈ [a, b]      zi = h−1i
∫ xi
xi−1 f(x)dx,
i = 1, . . . , n.     > /".1    ? - 

Di =
1
2
(hi−1 + hi)(hi + hi+1)hif ′′(ξi) + o(h¯3i )
- h¯i = max{hi−1, hi, hi+1}" ! 	  > /".5   
 Di = 2f
′′(ξi) + o(1). H  h   > Di/Di−1 
 ? >  1  /"5/  /"57  /"58  /"56  @ -
  - ri  Ri.
#%  3 3  	 )#   	 	 ,	
	 
 S @	 	   
 S′′(x) =  = 0$ x ∈ [ξi, ξi+1]$ 	 '
 	,   	   		  , 	*  	
S(x) = ai + bi(x− xi) + ci(x− xi)2, x ∈ [ξi, ξi+1].
  	 ci = Mi/2 
bi =
2(ρiεi − λiηi)
εiηiδi
+
Mi
3
(εi − ηi),
ai =
1
δi
(ηi
εi
λi +
εi
ηi
ρi
)
− Mi
6
εiηi
	 S *	 < λi$ ρi$ Mi " 	 )#-  )#/  

 	 ,	  	 	*  *		 
   	 
,		 
  * λi$ ρi. A*$ 	 	 	 	 		
 	,	  	  * 
 
	 ϕA, ϕB , . . . , ϕF 	  	 1$ 5
	   	 
 	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
  -   	 f(x) = sinx    [0, 1] - 	
  .".6    S′(0) = f ′(0) S′(1) = f ′(1)"  
."5. -   '-K  -   	 mi  cos xi+0.1 
 -   ‖mk−mk−1‖∞ < 10−7" $ 4D2  - "
E    ‖S−f‖∞ ?  max0i10n |(S−f)(i/(10n))|"
      7"1  @   	  O(h3)"
   	


      f(x) = sinx   
 [0, 1]
n 4 8 1/ 5. /4
‖S − f‖∞ 8.17 · 10−4 1.07 · 10−4 1.36 · 10−5 1.70 · 10−6 2.13 · 10−7
!   ? ) 	 B47C -  - 	  
  [0, 7]   zi  2"78 5"21 ."11 1".7 0"72 0"46 0".6  
 S′(0) = −2.6 S′(7) = −0.19" '-K  	   
."5. -  	  m1 = −2.5 m2 = −2.2 m3 = −2 m4 = −1.7
m5 = −1.5 m6 = −1.2"    -    7"1   
 -  	 B47C"
!  ? ? -  - A  	   
 zi -   7"."
   
         
xi 0 . ."2 5 4 2
0 ."4 ."2 ."/ 4 2
zi 1".2 ."2 ."/ 5 11
7/
3# =		 *	 	 		
!      - ) S′(0) = 1 S′(5) = 5 
  - m1 = 1.1 m2 = 1.2 m3 = 1.3 m4 = 1.4"  
     7".  7"5"
  

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 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    
  !"
  
  

 
  

   #

    
E   ?    $)K   B2C 	 3
" % 	  xi = i i = 0, . . . , 5 - )  
z1 = 10 z2 = 10.1 z3 = 100 z4 = 100.1 z5 = 101"   zi - 3
    1/2  3/2   α = S(x0)   β = S(x5)"
 ? δ1 = z1 − α  δ5 = β − z5 -      -
    ."5/   - m00 = m
0
1  m
0
5 = m
0
4" %
   m0 = 0.371 m1 = 0.0116 m2 = 1.83 · 105 m3 = 0.0106
m4 = 2.62 m5 = 0.555"
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3  , 5*	 		
!   ? -  )   xi = i i = 0, . . . , 5  
  z1 = 100 z2 = 200 z3 = 300 z4 = 400 z5 = 500"  
 - )  m0 = 100 @?  m
0
1 = 1 m
0
2 = 101 m
0
3 = 1 m
0
4 = 101
m5 = 100 @? "  ? Φ
′(m0)   ?   
7"// -     	 Φ ′(m0)"  Φ     
  	 m0 -      Rn+1"
  
  

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> ."14  4"1    >
 -   mi" E  @  	   - 3
 > 	  .".2  4"2  4"7  4"8 -  
"     -  	  '-K  B1/ 18C"
'- - )   ?" !  @ ? -   -) 
	  " E )   x0 = 0 x1 = 1 x2 = 1.9 x3 = 2.8 x4 = 4 x5 = 4.9
x6 = 6.2 x7 = 7.5     z1 = 2 z2 = 3 z3 = z4 = z5 = 9
z6 = 5 z7 = 2" E    S
′(0) = 1  S′(7.5) = −2" ! 
   [x2, x3] [x3, x4]  [x4, x5]  >   
 "   7"4 -  	  "
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 ! 
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x4 = 4 x5 = 4.9 x6 = 6.2    z1 = 2 z2 = 3 z3 = z4 = 7
z5 = 6 z6 = 4 -   S
′(0) = 1  S′(6.2) = −1" E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 x0 = 0 x1 = 1 x2 = 1.9 x3 = 2.8
x4 = 4 x5 = 4.9 x6 = 6.2 x7 = 7.5     z1 = 2 z2 = 3
z3 = z4 = z5 = 7 z6 = 8 z7 = 10    S
′(0) = 1  S′(7.5) =
12" E 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    
"
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 x0 = 0 x1 = 1 x2 = 1.9 x3 = 2.8
x4 = 4 x5 = 4.9 x6 = 6.2 x7 = 7.5 x8 = 8.5    z1 = 2
z2 = 6 z3 = z4 = z5 = z6 = 7 z7 = 5 z8 = 2" E   
S′(0) = 1  S′(8.5) = −1" : -      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 x0 = 0 x1 = 1 x2 = 1.9 x3 = 2.8 x4 = 4 x5 = 4.9
x6 = 6.2 -    z1 = 1 z2 = 4.7 z3 = z4 = 7 z5 = 6.75
z6 = 3" 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 [x2, x3]  [x3, x4] =  	  [x0, x1]  [x5, x6]
    [x1, x2]  [x4, x5]" (   S
′(0) = 1
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 	 f(x) = ex  f(x) = x4 	 x ∈ [−2, 2]  	
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  -   zi = h
−1
i
∫ xi
xi−1 f(x)dx, i = 1, . . . , n.
(  S′′(a) = f ′′(a)  S′′(b) = f ′′(b) -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 f(x) = ex) n = 8
xi             
ξi            
zi  	
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 	 
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 f(x) = x4) n = 8
xi             
ξi            
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 Di = c Di+1 = c
−1
 Di+2 = c
" (  - M1 = Mn = 1  n = 8"  
 ) 
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 	 c = 1.8 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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E     [0, 1]  	 f(x) = sinx  @ 
   O(h3)    - > 	
f(x) =
⎧⎪⎪⎨
⎪⎪⎩
−x
2
2
+ x for 0  x  1
2
,
x2
2
+
1
4
for
1
2
 x  1,
 f ′ ∈ Lip 1" :-   	    f ′′ ∈ Lipα   
	   α ∈ (0, 1]"     O(h2)  -   
 5"1"
  - 	 	  	- 	" ) h = 1/n  )
-  
xn
2
=
1 + h
2
, xn
2
−1 = xn
2
− h,
xn
2
−2 = xn
2
−1 − h, xn
2
+1 = xn
2
+
h
10
.
$  -  	    	   ""
xi = i
xn
2
−2
n
2 − 2
, i = 1, . . . ,
n
2
− 3,
xn
2
+1+i = xn
2
+1 + i
1− xn
2
+1
n
2 − 1
, i = 1, . . . ,
n
2
− 2.
E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εn = max
1in
max
0k10
|(S − f)(xi−1 + khi/10)|.
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 f(x) = sinx
n 8 1/ 5. /4 1.8
εn 1.15 · 10−4 1.46 · 10−5 1.84 · 10−6 2.30 · 10−7 2.87 · 10−8
εn/2/εn 7"874 7"6/1 7"688 7"66/
  & ,
 
 
 ( -
 
n 8 1/ 5. /4 1.8
εn 7.39 · 10−4 1.79 · 10−4 4.41 · 10−5 1.09 · 10−5 2.71 · 10−6
ε2/n/εn 4"117 4"071 4"040 4"0.1
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E   	 f(x) = x2 sgnx, f(x) = x3, f(x) = x2 
f(x) = |x|3    [−1, 1]"    @    	 - 
   O(h2)  	    O(h3). !   -  
	 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 	 -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  	 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 
) -   x(n+1)/2 = h/2 x(n+1)/2−1 = −h/2 x(n+1)/2−2 = −3h/2
x(n+1)/2+1 = 3h/5" % ) -  	    	  3
 "" xi = x0+ i(x(n+1)/2−2−x0)/((n+1)/2−2), i = 1, . . . , (n+1)/2−3 
x(n+1)/2+1+i = xn−(n−1)(xn−x(n+1)/2+1)/((n+1)/2−2), i = 1, . . . , n−1.  
 	 f(x) = x2 -   	  n   n 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E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εn = max
1in
max
1k10
|S(xi−1 + kh
10
)− f(xi−1 + kh
10
)|.
'  	 mi, i = 0, . . . , n, - 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 '-K 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 f(x) = x2, x ∈ [−1, 1]) 
 ) n 
 % % !% % !+%
εn 7.34× 10−3 8.39× 10−4 9.33× 10−5 1.04× 10−5 1.15× 10−6
εn/3/εn '!*%' *++++' *++++++ *++++++
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 f(x) = x2, x ∈ [−1, 1], 
 ) n 
 ' &  &! '
εn 7.88× 10−3 1.97× 10−3 4.93× 10−4 1.23× 10−4 3.08× 10−5
εn/2/εn **'+&' ***** !++++++ !++++++
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 f(x) = x2, x ∈ [−1, 1]) 
 ) n 
 % % !% % !+%
εn 3.95× 10−2 9.44× 10−4 1.05× 10−4 1.16× 10−5 1.29× 10−6
εn/3/εn !*+'!* *+* *++!! *+++!&
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 f(x) = x3, x ∈ [−1, 1], 
 ) n 
 ' &  &! '
εn 3.70× 10−3 5.23× 10−4 6.81× 10−5 8.66× 10−6 1.09× 10−6
εn/2/εn +'&* &'%!* '%& *&++
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 f(x) = |x3|, x ∈ [−1, 1], 
 ) n 
 % % !% % !+%
εn 1.27× 10−2 6.32× 10−4 2.47× 10−5 9.31× 10−7 3.47× 10−8
εn/3/εn ++&&% %%&&'&* &%%% &'%'!&*
   ,
 
 
 f(x) = x2 sgnx, x ∈ [−1, 1], 
 ) n 
 ' &  &! '
εn 4.39× 10−3 1.10× 10−3 2.75× 10−4 6.86× 10−5 1.72× 10−5
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